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Abstract 

We show that Einstein's gravitational field equations for the Friedmann-Robertson-Lemaitre- Walker 
(FRLW) and for two conformal versions of the Bianchi I and Bianchi V perfect fluid scalar fleld 
cosmological models, can be equivalently reformulated in terms of a single equation of either general- 
ized Ermakov-Milne-Pinney (EMP) or (non)linear Schrodinger (NLS) type. This work generalizes 
or presents an alternative to similar reformulations published by the authors who inspired this 
thesis: R. Hawkins, J. Lidsey, T. Christodoulakis, T. Grammenos, C. Helias, P. Kevrekidis, G. 
Papadopoulos and F. Williams. In particular we cast much of these authors' works into a single 
framework via straightforward derivations of the EMP and NLS equations from a simple linear 
combination of the relevant Einstein equations. By rewriting the resulting expression in terms of 
the volume expansion factor and performing a change of variables, we obtain an uncoupled EMP or 
NLS equation that is independent of the imposition of additional conservation equations. Since the 
correspondences shown here present an alternative route for obtaining exact solutions to Einstein's 
equations, we reconstruct many known exact solutions via their EMP or NLS counterparts and 
show by numerical analysis the stability properties of many solutions. 
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IV 



Chapter 1 

Introduction 



1.1 Einstein's field equations (EFE) 

Einstein's gravitational field equations (EFE) 

Lrii = Kiij + Agij 



V 



(1.1) 



for i^j E {0, . . . , d}, are the essential equations of general relativity in d + 1 spacetime dimensions. 
The Einstein tensor is Gij = Rij — -oRQij where Rij is the Ricci tensor, R is the scalar curvature 



and Qij is the metric. Also A is the cosmological constant and k is a generalization of SvrG, for G 
Newton's constant, to d + 1 spacetime dimensions. In terms of ChristofFel symbols of the second 
kind 

~.k d.^- }_ 

ij - 2 



rf. =--j;5^'=(5. 



ShJ 



9ij,s + 9js,i 



(1.2) 



s=0 



for i,j, k G {0,1, . . . , d}, we define the Ricci tensor to be 



Rj 



def. 



E/ -p/c -pfc \ _|_ \ ^ \ ^ pn Y'm \ ^ \ ^ -pm-pri 
\ kj,i '- ij,k} "T Z^ 2-^ ^ im^ nj /_^ /-^ ^ ij'- r, 



(1.3) 

fc=0 m=On=0 m=On=0 

for i,j G {0, 1, . . . ,d} (note that others may define the Ricci tensor to be the negative of (jl.3p . in 
which case the Einstein equations would be Gij = kTij — Agij). In (|1.2p . the subscript ^„ denotes 
differentiation with respect to Xn- 

We will consider an energy-momentum tensor 



7.(1) , 7.(2) 

ij "T ij 



(1.4) 



that is the sum of two terms. The first term is the energy- momentum tensor for a minimally 
coupled scalar field (p with potential V so that 

"1 '^ 



.(1) 



di(l)dj(t) - gij 



fc=0 



(1.5) 



where o denotes composition and d 
so that (11.51) reduces to 



TJ-j = 6oi6oj<j)'^ - gij 



'^i=Qg^^di(j). We take (t){t) to depend only on time xq = t 
1 



2^ 



,00 i2 



+ Vo, 



:i.6) 



where St 



def. 



Oi 



1 if i = 
if i / 



7^(2) 



The second term in (11.41) is defined as 



/ -p{t)9oo 



\ 



p(t)gii 



p{t)a: 



'22 



(1.7) 



v{t)gdd ) 



for density and pressure functions p{t),p{t), and where the off-diagonal entries are zero. 
In the special case when the metric is diagonal and goo = — 1, ()1.6p shows that 



^00 



and 



T^^^ 



gu \ 2^ 



+ Vo 



y o 



(1.8) 



(1.9) 



.(1) 



for 1 < i < d. That is, T^ • reduces to the energy-momentum tensor for a perfect fluid with density 
and pressure 

(1.10) 



1 



12 



1 



/O0(i) = 2'^ +^°'^ and p<t>{t) = -r-Vo(t,, 

respectively, in terms of the scalar field and potential. 

In Chapter 2 we show the equivalence of solving three types of ordinary differential equations: 
a generalized Ermakov-Milne-Pinney type equation, a non-linear Schrodinger type equation and a 
third equation that we will see arises in each of the cosmological models considered in this thesis. 
Since the third type of equation is derived from Einstein's field equations in terms of scale factors, 
we will refer to it as a scale factor equation. Each subsection of Chapters 3-7 shows the application 
of a correspondence established in Chapter 2 to a specific cosmological model. Following each 
theorem in Chapters 3-7, we consider special cases where exact solutions of Einstein's equations 
are derived from exact solutions of an NLS or EMP. For many examples we show numerical (in- 
)stability graphs of the exact solutions. The appendices show some extra calculations including 
some computations with exact solutions to EMP and NLS equations [31171 [2T|. 

This thesis is a partial response to the proposal by R. Hawkins and J. Lidsey that EMP equations 
may appear in certain pure scalar field or other classes of cosmological models [18]. The results in 
Chapters 3-7 either generalize or present an alternative to the reformulations of Einstein's equations 
seen in |5l El 13 [TOl [l2l HSl |20l [22l [Ml EOl [3l] . In |5] and [31], the presence of an exponential term 
in the EMP formulation of a Bianchi I model couples the system to a second equation; in contrast, 
we find a simpler term so that the Bianchi I EMP here is not coupled to a second equation. 
The methods here have been noticed by other researchers |161 [TT] and have been used in some 
cosmological applications. A brief overview of the methods in this thesis can be found in a shorter 
paper by the author (llj . For future work one may consider whether the methods presented here 
can be extended to non-Bianchi universes such as a Kantowski-Sachs. 



1.2 Conservation equations 

The divergence of Einstein's tensor Gij = Rij — 2R9ij is zero. Therefore by Einstein's equations 
(jl.ip the divergence of the energy-momentum tensor is zero. That is, the conservation equation 



div{T)i=Y,9 






^i'^lj ~ Z^ ^ij'^lk - 2^ ^ilTj. 



kj 



(1.11) 



for i,j, k, I € {0, 1, ... d} is automaticahy satisfied by any solution gij of Einstein's equations. When 
Tij is taken to be a sum as in (II. 4p . one can further impose the condition 

div{T^^^)i = (1.12) 

for < I < d. The results of this thesis do not rely on T^ ■ satisfying (I1.12p . which is not imposed 
in the theorems in Chapters 3-7. For example, if the scalar field (j){t) and the potential V are non- 
constant, the conservation equation (11.12P may not hold for arbitrary density p{t) and pressure 
p{t) satisfying a corresponding EMP or NLS. To obtain T^ ■ satisfying ()1.12p one can impose an 
analogue conservation equation on the EMP or NLS side of the correspondence. We record in 
Appendix F equivalent versions of the conservation equation ()1.12p for / = 0, translated into EMP 
and NLS variables for each of the theorems in Chapters 3-7. 

1.3 Guide to numerical and exact solutions 

The mapping of closed form solutions of EMP or NLS equations to solutions of Einstein's equations 
cannot always be executed analytically, but we will consider some solutions for which an exact 
solution to Einstein's equations can indeed be (re-)derived via the correspondences in this thesis. 
Some exact solutions of Einstein's equations in the literature [n[2lHl [T3l[Til[T5l[T6l[T71[T9l[20l[23l 
[Mt [26| [271 [29] will be seen to arise from an exact solution of an EMP or NLS equation. 

For some solutions we show a stability graph, where the exact solution is shown in bold font for 
comparison. The numerical solutions were generated by running the Livermore solver (LSODE) 
[28] on the second order EMP or NLS equation, coupled to the differential equation for the reparam- 
eterization function. In all cases we graph the volume expansion factor and show that most exact 
solutions seen here are unstable. Solutions are said to be unstable here if the difference between 
the exact and numerical solutions grow by at least two orders of magnitude over the graphed time 
interval. 



Chapter 2 

The General Correspondences 



2.1 Scale factor and generalized EMP equations 

In this thesis, the Einstein equations (jl.ip for a number of cosniological models are reduced to a 
scale factor equation of the form 

H{t) + 6H{tf + eHtf = f2^ (2.1) 

clef. 

for H{t) =' a{t)/a{t) and 5,£,Ai G IR. In this section we show a mapping between solution 
sets (a(t), (/)(t), Go(t), • • • , G'Ar(t)) of dH]) and solution sets (^(t), Q(r), Ao(r), . . . , AAr(r)) of the 
generalized EMP equation 



N 



A.(r) 



Y"{r) + Q{r)Y{r)=Y^^^ (2.2) 

j=o ^ ' 



for i?j E R. The dictionary between solutions of (j2.ip and (j2.2|) is as follows: 

a{t) = Y{T{t)fl<i (2.3) 

qe^'irf = Q{t) (2.4) 

GiCt) = -\(T(t)) (2.5) 

for < i < iV G M, 

./.(t) = ^(r(t)) (2.6) 

and where r(t) is a solution to the differential equation 

f{t) = ea{tf~^ (2.7) 

for some constants > and q G ]R\{0}. Here dot denotes differentiation with respect to t and 

prime denotes differentiation with respect to r. Also the powers Ai and Bi in (|2.ip and (|2.2p 
respectively, are related by the equation 

B. = Ml^. (2.8) 



Theorem 2.1.1 Suppose you are given a twice differentiable function a{t) > 0, a once differentiahle 
function (j){t), and also functions Go(t), • • • , GN{t) which satisfy the scale factor equation /i2. 1\) for 
some 6,£,Aq, . . . , A^ G IR and N G^. If f{T) is the inverse of a function T{t) which satisfies 1^2. 7\ ) 
for some 6 > and q £ E,\{0}, then by f2.3\} - [275\} the functions 

Y{r) = a{f{T)Y (2.9) 

Q{t) = qe^'irf (2.10) 

Hr) = |G.(/(r)) (2.11) 



solve the generalized EMP equation h2. 2\) for Bi as in h2. ^) and for 

^{r) = <j>{f{T)) (2.12) 

(hy ^2.6\) ). Note that since the function a{t) and the constant 9 are both positive, f{t) > so that 
r(t) is an increasing function mapping t £ R to t £ M, and therefore the inverse function f{T) 
exists. 

Conversely, suppose you are given a twice differentiable function Y{t) > 0, a continuous func- 
tion Q{t), and also functions Ao(t), . . . , AAr(r) which satisfy the generalized EMP equation /i2. 2\) 
for some Bi gM, and N £H. In order to construct functions which solve ^2.1\) . first find T{t) and 
^{t) which solve 

f{t) = 0y(T(t))(«-'^)/« (2.13) 

and ll[2.4\ ) respectively, for some 6 > 0,q £ ]R\{0} and (5 G R (note that Ii2.13\) was obtained by 
combining h2.3\) and \2.1^ ). Then the set of functions {a{t) , (l){t) , Gq, . . . , On) given by h2.3\) . 
112. 6\) and 112. 5\) solves the scale factor equation ^2.1\) for Ai as in ^2.8\) . That is, the powers Ai are 
given in terms of Bi by the equation 

Ai = q{Bi - 1) + 25. (2.14) 

Proof. To prove the forward imphcation, we begin by computing f'{T), a quantity that wih be 
required to siniphfy the derivatives of Y(t). Since f{T{t)) = t we differentiate this relation with 
respect to t to obtain /'(r(t))f(t) = 1 so that /'(r) = l/f(/(r)), and by (j2.7p we have 

fir) = la{f{T)Y-^. (2.15) 

Differentiating the definition (j2.9p of Y{t) and using (j2.15p we obtain 

Y'{t) = qa{f{T)y-^h{f{T))r{T) 

= lH{f{T))a{f{T)f. (2.16) 

Differentiating again and using ()2.15p we obtain 

y"{r) = p'{r)[H{f{T))a{f{T)Y + 6H{f{T)fa{f{T)Y\ 

= ^'^(fir)?'-" [H{f{T)) + 6H{f{r)f] . (2.17) 



Since a{t) is assumed to satisfy the scale factor equation (j2.ip . (j2.16p can be written 



Y"{t) = ^a{f{T)f'-'^ 



N 



-eHf{r)f + E 



G^ifiT)) 



i=0 



a{f{r)))^^ 






N 



^^ifir))Mf{r)r-''a{f{r)y + Y^. 



§.G,{f{T)) 



W 



i=0 



t(/(r))^.+9-2<5- 



(2.18) 



(2.19) 



Differentiating tlie definition (j2.12p of fir) and again using (|2.15p we liave 

^'(r) = 0(/(r))/(r) = ^<^(/(r))a(/(r))^-^ 

so that the definition (|2.10p of Q{t) can be written as 

Qir) = f,^{f{r)?a{f{T)r~^^. (2.20) 

By <n7M and the definitions <^^, (l2ini and dZHD of y(r), Ai(r) and S^ € R respectively, (12^8)1 
becomes 



N 



Y"{t) + Q{t)Y{t) = Y^ 



i=0 



A.(r) 
Y(t)B^ 



(2.21) 



To prove the converse statement, differentiate the definition (12. 3p of a(t) and use the definition 
(I2T3I1 of r(f ) to obtain 



lit) = -Y{T{t)f-'^y'^Y'iT{t))f{t) 

= -y(r(t))(i-'^)/5y'(r(t)). 



(2.22) 



Dividing by a(t), we have that 



Hit) 



dg. ajt) 
a{t) 



-Y'{T{t))Y{T{t))-"'^. 



Differentiating ()2.23p and again using the definition (j2.13p of T(t), we obtain 

y"(r(t))y(r(t))-'^/<? - -y'(r(t))2y(r(t))-(^+«)/'' 



H{t) = -f{t) 

= —YiT{t))^i-^^/i 



Krn 



Y"{T{t))Y{T{t))-^l^ - -y'(r(t))2y(r(t))-(^+'^)/5 

-y(r(i))(^-25)/gy//. ) _ ^_l^Y'{T{t))^Y{T{t))-^^''i. 
q q^ 



(2.23) 



(2.24) 



Since Y[t) is assumed to satisfy the generalized EMP equation (|2.2p . equation ()2.24p can be written 



as 



m 



-y(r(t))('?-2'5)/g 



N 



-Q{T{t))Y{T{t)) + Y, 



j=0 



\{r{t)) 
y(r(t))^« 



'Y'{T{t)fY{T{t)y 



25/q 



-^Q(r(t))y(r(t))^(-^)/^ + f; i ''^^^'^^ 



■" y(r(f))(9(S-i)+25)/'? 

Jr/92 
-^y'(r(t))2y(r(t))-2^/«. (2.25) 

By definitions (|2.6p and ()2.13p of <\)(t) and r(t) respectively, we have that 

m = ^'{r{t))f{t) = 6^'{T{t))Y{T{t)t-'y'i. (2.26) 

Using definition (j2.4p of (/^(r) in terms of Q{t) and squaring (|2.26p . we have 

^{tf = -Q{T{t))Y{T{t)f^'i-^^/'i. (2.27) 

qe 

This shows that the first term in ()2.25p is equal to —ecpit)'^. Noting that by (j2.23p the last term 
of (|2:25]) is equal to -5H{tf, and using definitions ^^, ([23]) and (l2lll) of a{t),Gi{t) and Ai 
respectively, (|2.25p becomes 



iV 



i=0 

This proves the theorem. 



Gdt) 
a{t) 



Hit) = -em' + E ^ - '^^W'- (2.28) 



2.2 Generalized EMP and Schrodinger-type equations 

We now record a mapping between any solution set {Y{t),Q{t),X{t), Xi(t), ...,AAr(r)) of the 
generalized EMP equation 

nr) + Q(r)y(r) = ^ + X;^ (2.29) 

for B G E\{-l,l},-Bj G R\{-l},iV G IN, and a corresponding solution set {u{a),E{a),P{a), 
Fi(cr), . . . , F]\r{a)) of what we will call a non- linear Schrodinger-type equation 

^ F( ) 
u"{a) + [E{a) - P{a)Ha) = ^ -i^ (2.30) 

1=1 ^ ' 

for d G R. 

In general, the Schrodinger-type equation (I2.30p contains one less non-linear term than the 
generalized EMP equation ()2.29p . Therefore although the correspondence does hold when A = 
Xi = E = 0, the point is that a nonzero nonlinear term X{t)/Y{t) in (12.29P transforms to the 
linear term E(a)u{a) in (j2.30p . Therefore the "Schrodinger" nature of this latter equation is most 

7 



apparent when Ai(r) = for 1 < z < A^ and when the function A(r) = A is constant in ()2.29p . In 
this case (as we will see in this section), solutions to the generalized EMP 

y"(r) + Q(r)y(T) = ^A_ (2.31) 

correspond to solutions of a one-dimensional linear Schrodinger equation 

u"{a) + [E- P{a)]u{a) = (2.32) 

for E constant. This slightly generalizes a result of F. Williams in which solutions of a classical 
EMP (that is, for B = 3 in (|2.3ip ) are shown to be in correspondence with solutions of a linear 
Schrodinger equation ()2.32p . One can also refer to the paper of W. Milne [25] . 
The dictionary between solutions to (|2.29p and (|2.3Up is as follows: 

Y{r{t)f'' = u{a(t))-^ (2.33) 

792(S - l)Q(r(t))(^-i)/(^+i) = 2P{a{t))u{a{t)f (2.34) 

t?2(5 - l)A(r(t)) = 2E{a{t)) (2.35) 

^^{B-l)\i{T{t)) = 2E{a{t)) (2.36) 

where T„{t) and a{t) are solutions to the differential equations 

f,(t) = V^y(r,(t))3(^+i) (2.37) 

and 

a(t) = -^n(a(t))l(^+i)/(^-y (2.38) 

respectively, for some 'd > 0. Also the powers Bi and Cj in (j2.29p and (|2.30p respectively, are 
related by the equation 

C^. = 1-2^1^. (2.39) 

Note that by (l233l) . (lOTD and (I238I1 . we have 

^-W = ^- (2-40) 

a{t) 

We notate the function Ta(t) with the subscript a in order to distinguish it from the separate 
quantity r(t) which appears in section 2.1. 

Theorem 2.2.1 Suppose you are given a twice differentiable function Y{t) > and also func- 
tions (5(t), A(r), Ai(t), . . . , AAr(r) which satisfy the generalized EMP equation /i2. 29\) for some 
B G IR\{ — 1, l},i?j G ]R\{— 1} and A^ G IN. In order to construct a set of functions which solve the 
Schrodinger-type equation l[2. 30\) . begin by solving for the function Tfj{t) in ^2.37\ ) (for any t? > Oj 
and then solve ^2.40^ for a{t) . Let g{a) denote the inverse of cr(t) (which exists since &{t) > for 
all t). Then by ^2.33\ )- f2.36\) the following functions solve the Schrodinger-type equation /i2.30\) : 



uia 



y(T.(5(<T)))^(i-^) (2.41) 



Pi^) = Y^B-l)Q{rAg{a)))Y{T,{g{a))f+' (2.42) 

E{a) = f-iB-l)X{Ugia))) (2.43) 

F^i<^) = y(l-B)A.(T.(5((7))) (2.44) 

for C, as in (MW- 

Conversely, suppose you are given a twice dijjerentiable function u{a) > and also functions 
E{a),P{a),Fi{a) which satisfy the Schrodinger-type equation \2. 30\) for some Cj G R and A^ G M. 
In order to construct functions which solve i2. 29]) . first solve \2.38\) for a{t) and for any constants 
T? > and B G R\{— 1, 1}. Then solve for T„{t) in ^2.40^ and let fa{T) denote its inverse (which 
exists since ffj(t) > for all t). By ll2.33\) - [2.36\) . the functions 

Y{t) = n(a(^(r)))2/(i-^) (2.45) 

Qir) = ^,^^_^^ P{<y{fa{r)))u{a{f.{T))f^^+')l^^'') (2.46) 

A(r) = -^l^-^Ei^^UAr))) (2.47) 

satisfy the generalized EMP Ii2.2y\) for 

B, = ^{{l-B)Ci + iB + l))) (2.49) 

(by ^2M»- 

Proof. To prove the forward statement, we begin by computing g'{cr), a quantity that will be 
required to simplify the derivatives of u{a). Since g{a(t)) = t, we differentiate this relation with 
respect to t and obtain g'[a{t))d{t) = 1 so that g^a) = l/a{g{a)) = f^{g[a)). Therefore by (j2.37p 
we have 

f,{g{a))g'{a) = {} Y{T„{g{a)))^^+^^'\ (2.50) 

Differentiating the definition (j2.4ip of u{a) and using (|2.50p . we obtain 

u{<y) = l{l-B)Y{rM{a)))-(^+'y'Y'{r^ig{a)))fA9i<T))g'{a) 
= ^(1 - B)Y{r4g{a))r^^^'y'^(^^'y'Y'{M9{a))) 
= ^{l-B)Y'{r4g{a))). (2.51) 



Differentiating again and using (I2.50p . we see that 



u"{a) = ^{l-B)Y"{r^{g{a)))f^{g{a))g\a) 

= f-(l-B)Y"{T4g{a)))Yir4g{a)))(^+'y\ (2.52) 



Since Y{t) is assumed to satisfy the generalized EMP equation (j2.29p . ()2.52p becomes 

u"{a) = ^(l-i?)y(r.(5(a)))(^+i)/2[-Q(r.(5(a)))y(r.(g(a))) 
, A(r.(g(a))) ^ A.(r.(5(a))) 



^\B-l)\{T„{g{a))) ^ {}\l-B)UT„{g{a))) 
2y(r.(g(a)))(^-i)/2 ^ 2Y{T,{g{a))f^'h(B+i) ' 



(2.53) 



By the definitions ^T^ . ^r^ . (I2:i3|) and ^U^ of n(o-), P((t), £;(cr) and ^^((t) respectively, we 
have that 

u {a) = n^)^(^) - -T-pi + 2^ 2B,-(B+i) • 

^ ' i=l u(cr) i-s 

= P{a)u{a)-E{a)u{a) + Y,^^ (2-54) 

for Ci as in ()2.39p . This proves the forward implication. 

To prove the converse statement, we will need /^(r) in order to simplify the derivatives of Y{t). 
Differentiating the relation f^(Ta{t)) = t with respect to t implies f'^{Ta{t))f(j{t) = 1 therefore 
/^(r) = l/fo-(/cr(T)) = o"(/(j(t)). By (12.38J) we can form the useful quantity 

^(/<x(r))/;(T) = iu(a(/.(r)))i^. (2.55) 

Now differentiating the definition of Y{t) and using (j2.55p . we see that 

2 (B+l) , (B+l) , 



^{1-B) 

^ u'iaiUr))). (2.56) 



t9(1-S 
Differentiating Y'{t) and again using (|2.55p . we obtain 

Y"{r) = ^^^^^u"{a{Ur)))a{Ur))ar) 



^ u"{a{UT)))u{a{UT)))^. (2.57) 



??2(1-S 

Since u{a) is assumed to satisfy the Schrodinger-type equation ()2.30p . the equation (j2.57p can be 
written as 
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2E{a{UT))) 



d^{B - l)u{a{UT)))-^B/(B-i) 
2 



T?2(5 - 1; 



P(a(/.(r)))n(a(/.(r)))2(^+i)/(^-^)n(a(/.(r)))2/(i-^) 



^ 2F,{aiUr)))/{l-B) 

^ ^2^(a(/^(r)))((S-i)C^»-(s+i))/(i3-i) ■ ^ ^^°' 

By the definitions (f2:i5]) . HOM^ . (12:171) and ([TIH]) of Y{t),Q{t),X{t) and Ai(r) respectively, we 
obtain 

^» = ^-QM^M + E^ (2-59) 

for Ci as in (j2.39p . This proves the theorem. 



2.3 Scale factor and Schrodinger-type equations 

By composing the maps in Theorems 12.1.11 and 12.2.11 one can see that a direct reformulation of the 
scale factor equation 

m + 6Hitf + eHtf = ^ + E ^ (2-60) 

(again H{t) = a{t)/a{t)) in terms of the nonlinear Schrodinger-type equation 

u'\a) + [E{a) - P{a)]u{a) = ^ -^ (2.61) 

1=1 

is possible by identifying Bq in Theorem 12.1.11 with B in Theorem 12.2.11 The theorem below is 
exactly the resulting statement. As we noted in Section 2.2, this reformulation of the scale factor 
equation (j2.60p in terms of the non-linear Schrodinger-type equation (|2.6ip will have one less non- 
linear term than the alternate generalized EMP reformulation seen in Section 2.1. 

For the forward implication of the theorem in this section, composing the respective notations 
of Theorems 12. 1.1 1 and 12. 2. H is convenient. However this is not true for the converse implication, in 
which we now use new notation which is equivalent to identifying {Aq — 26) /q and AQ/{q — 6) of 
Theorem 12.1.11 with n/3 and m, respectively, used here. Here we also rename Aq of Theorem 12. 1.1 1 
to just A. 

In summary, the dictionary between functions which solve ()2.60p and functions which solve 
(|2.6ip is as follows: 

a(/K(t)))(^-'') = n(a(t))-2 (2.62) 

e{A - 26)^;' {af = 2P{a) (2.63) 

(^_2<5)0^/te-^)G(/(T.(i))) = 2E{a{t)) (2.64) 
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{25-A)9^/(^-'')G,{f{T^{t))) = 2FMt)) (2-65) 

where /(t) is the inverse function of r(t) and each of r(t) and a{t) are solutions to the differential 
equations 

f(t) = 9a{ty-\ (2.66) 

a{t) = -L^(^(t))(n+6)/2n (2.67) 

respectively for some constants 6,1} > 0,q £ ^\{S} and n G ]R\{0}. Also and ijj are related by 
the composition 

'A(/(r.(t)))=V(^(i)), (2.68) 

and the powers Ai and Cj in (j2.6Up and (|2.61|) respectively, are related by the equation 

In addition, depending on which direction one is mapping solutions, it may be convenient to define 
To-{t) as the solution to either 

fAt) = ^ (2.70) 

or equivalents by IKETh . IK62h and i^Mi, 

Mt) = f (/(r.(t)))(^+2,-2,5)/4(g-5) (2.71) 

Theorem 2.3.1 Suppose you are given a twice differentiable function a{t) > 0, a once dijjeren- 
tiahle function 4>{t), and also functions G{t), Gi{t), . . . , GN^t) which satisfy the scale factor equation 
i2. 60\) for some A^ G IN and 6,£,A,Ai, . . . , Ajsf G H where A 7^ 26. In order to construct a set of 
functions which solve the non-linear Schrodinger-type equation Ii2.61\) . begin by solving for T{t) in 
the differential equation 112. 66]) for any constants 9 > and q £ M\{6}. Let f{T) denote the inverse 
of T{t) (which exists since f{t) > for all t), find the solution Ta{t) to 1^2. 71\ ) and then find a{t) 
which solves \2.70 ). Let g{a) to denote the inverse function of a{t) (which exists since f(t) > for 



allt). Then by ^2.6^) - [2.65\) the following functions solve the Schrodinger-type equation \2.61\) : 

u{a) = a{f{T,{g{a)))^^'-^)/^ (2.72) 

P{a) = \e{A-26W{af (2.73) 

E{a) = ^{A-26)0^/^''-'^G{f{T^{g{am (2.74) 

Fiia) = ^i26-A)9^/^i-'^G,ifiT^igia)))) (2.75) 



for Ci as in l[2.6y\) and for 



i;ia) = <l>{f{T^{g{a)))) (2.76) 



(by (MM))- 

Conversely, suppose you are given a twice differentiable function u{a) > 0, a continuous function 
P{cr) and also functions E(a), Fi{a), . . . , F^la) which satisfy the Schrodinger-type equation \2. 61]) 
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for some Ci G R, and iV G IN. In order to construct functions which solve the scale factor equation 
\2. 60\) . begin by solving for a{t) in the differential equation ^2.67\ ) for some "d > and n G R\{0}. 
Then find a solution Ta{t) to {2. 70^ and let fa{T) denote the inverse of Ta{t) (which exists since 
&(t) > for all t). Next find functions T{t) and tpia) which solve the differential equations 

r(t)=f.(/.(r(t)))4/(™+2) (2.77) 

and 

respectively, for any m G R\{— 2} and £,q £ IR\{0} (these equations are obtained by writing (2.71) 
and h2. 6S^) in the converse notation). Then by i2.62^) - [2.65\) . the following functions solve the scale 

(2.79) 
(2.80) 

(2.81) 
(2.82) 

(2.83) 
nCi ) (2.84) 



factor equation 


\2.6(\): 










ait) = 


n(cT(/.(r(t))))-6/''" 






m = 


V^(a(^(r(t))))) 






Git) = 


qn 






G,it) = 


(Jlh 


for coefficient 






qiSm - n) 
3(m + 2) 


and for powers 


A = 


qmin + 6) 
3(2 + m) ' 


q f (nm — 2n-\- 12m) 
^ " 6 V (m + 2) 


(bv 112. 69\) in the converse notation). 





Proof. To prove the forward implication, we first compute /'(r) and g'ic). Differentiating the 
relation firit)) = t with respect to t gives f'iTit))fit) = 1 so that /'(r) = l/f(/(r)). Therefore 
by (j2.66p . we have 

fir) = ^a(/(r))^-«. (2.85) 

Similarly giait)) = t implies g'iait))&it) = 1 so that g'ia) = 1/aigia)) = ffjigia)), and then by 
(I2TT]1 and (l2:MD we obtain 

g'ia) = f(/(r.(5(a))))(^+2,-25)/4(,-5) 

= e(^+2'^-2'5)/%-^)a(/(r,(<7(cT))))(^+2,-25)/4^ (2.86) 

By ([2:85]) . (12:861) and l^lT\i . we find that 

f'ir^igia)))fA9{^))g'ia) = 0(A+2,-25)/2(,-.)-i^(^(^^(^(^))))(A+2,-2.)/2+.-, 

= 0^/2('?-^)a(/(r.(5(^))))^/^ (2.87) 

Differentiating the definition (|2.72p of ^(0") and using ()2.87p . we have that 

n'icr) = \i26-A)aifiMgia))))(''~^-'y'difir4gia)))) 
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■nT^{g{aW^{g{a))g'{a) 
1(26 - A)9^/'('^-'^H{f{T^{9{ama{f{T^ig{a)))f 



(2i 



def. . 



for H{t) =' a{t)/a{t). Differentiating u'{a) and using (12.871) and the assumed scale factor equation 
()2.60p , the second derivative of u is 

u"{a) = \{25 - A)e^'^^'i-') nT^{g{a)))f,{g{a))g'{a) 

H{f{T^{g{a))))a{f{r,{g{a))))' + 6H{f{r^{g{a)))fa{f{r^{g{a)))Y 



1(26 - A)e^/(''-'^a{f{T^{g{am^/^+' 



N 






Giit) 



^{A - 25)89^1^'^-') a{f{T^{g{am^l'^'^{f{T^{g{a)))f 
+\{25 - A)9^/('^-'^G{f{T,{g{ama{f{r^{g{a)))Y~^/' 

1 ^ 

+ -(25-yl)e^/(^-'5)^. 



Gi{f{r,{g{a)))) 



2-- --'' ^„(/(^^(^(^))))(2A.-A-2,5)/2 

Differentiating the definition (j2.76p of ?/'(<7) and using (|2.87p we see that 

V;'(a) = 0^/2(5-'5),^(/(r.(5(a))))a(/(T.(5(a))))^/2 
so that by (j2.73p . we can write P{cr) as 



P{a) = le{A-26)9^/^'^-'^ifiUgia)))fa{fMgia)))y 



(2.89) 



(2.90) 



(2.91) 



By (IT9T]1 and the definitions (l2772]l . ([2771) and ([27751) of u{a),E{a) and Fi(o-) respectively, I^M\i 
becomes 



AT 



/(a) = P{a)u{a)-E{a)u{a) + Y, 



FA a) 



^ ^(^)(2A.-A-25)/(25-A) 



Af 



P{a)u{a)-E{a)u{a) + Y. 



Fiicr) 



i=l 



u\a 



\Ci 



(2.92) 



for Cj as in (|2.69p . This proves the forward implication. 

To prove the converse statement, we will need the function /^(t). Differentiating the relation 
f^{T„{t)) = t with respect to t implies that f'^{Tfj{t))f„{t) = 1 and so we have /^(r) = l/fu{ffy{T)) = 
a{fa{T)). Therefore by (|2.77p and (j2.70p . we obtain the useful quantity 

a{U{T{t)))UT(t))f{t) = a(/.(r(t)))V.(/.(r(t)))4/('"+2) 
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a(/.(r(t)))2a(^(r(t)))-4/(-+2) 
^(^(T(t)))2"/("+2). 



rri(n + 6) 



Using p.67p to write this in terms of u{a)^ we have 

<JifArit)))fUrit))fit) = ^— /(-+2)n(a(^(r(t))))^T^^. 
Differentiating definition ()2.79p of a{t) gives 

a{t) = 



qn 



Dividing by a{t) = M(cj(/^(r(t))))-6/g« and using I^Mh . we obtain 
H{t) = 



qn 



f\ // ^\ 2(3m. — n) 

qn 



def. 



for -ff(t) = a{t)/a{t) as usual. Differentiating -ff(t) and again using p.94p . we get that 

6 



H{t) 



— ^-™/^"^+'V(/.(T(t)))/;(r(t))f(t)- 
qn 

2{Zm — n) 

u"{a{U{T{t))))u{a{U{T{t))))^^U^ 
n[ni + 2) 

— T?-2™/(™+2)u"(a(/^(r(t))))n((T(/^(r(t))))(12m-2n+mn)/n(m+2) 

12(3m - ")^-2™/(™+2)^,(^(^^(^(^))))2^(^(^^(^(^))))^?^^ 



(2.93) 



(2.94) 



(2.95) 



(2.96) 



qn'^{m + 2) 
wliere we have simplified the powers of u{a{fa{T{t)))) for the first and second terms by adding 



(2.97) 



m{n + 6) 2(3m — n) 12m — 2n + mn 



and 



n{m + 2) n{m + 2) 
rn-(n + 6) 2(3rn. — n) 



+ 



n(m + 2) n(m + 2) 



1 



n{m + 2) 

4(3m — n) 
n(m + 2) 



(2.98) 



(2.99) 



respectively. Since u{a) is assumed to satisfy the Schrodinger-type equation (j2.6ip . H in (|2.97p 
now becomes 

H{t) = -_^-2'»/{'n+2)^(^(y^(^(i))))(12m-2n+mn)/n{m+2) . 

[P{a{Urit))))uia{Urit)))) - E{a{Ur{t))))u{a{Ur{t)))) 
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^^ FMUritm 



c. 



-n(a(/.(r(t)))) 
qw^^m + I) 



(2.100) 



Multiplying out the terms, we obtain 



H{t) = -—{}-^-^/(-^+^)u{a{UT{tm^^^^P{a{UT{tm (2.101) 

fi ,, ■. 2m(n + 6) 

__^ n-2m/{m+2) V- FMUcT{r{t)))) 

qn ^ ^i(o-(/^(r(t))))'^'+(2"-12m-mn)/n(m+2) 

qn^\m + 2) 

where for the first two terms, we have simplified the powers of u by adding 

127ra — 2n + TTin 2m(n + 6) , , 

^ ^ + 1 = —7^ r- (2.102) 

n(m + 2) n(m + 2) 

By the definition (|2.83|) of the constant 6, and by the computation (|2.96|) of H in terms of n, we 
have that 

'lOf'irn — r)\ i, -. 4(3m-n) 

^^(*)' = 21 ^^> -'"/^"+'^^^(^(/.(r(t))))^n(^(^(r(t))))^^F^W. (2.103) 

qn^\m + 2) 

This shows that the last term in (|2.102p is equal to —6H{t)'^ so that we have 

H{t) + 5H{tf = ^-'"/("+')«(a(/,(T(t))))^^(^^^P(a(/,(r(i)))) 

qn 

fi I, -, 2m(n+6) 

+ _^-2m/(™+2)^(^(;^(^(i))))^n;^TWi?(a(^(r(t)))) 

__^ n-2m/(m+2) V- ^^^(^(/^(^(t)))) 

qn ^ ^i(o-(/<^(r(t))))C.+{2n-12m-mn)/n(m+2) " 

(2.104) 
Differentiating the definition (|2.80|) of (/)(t) and using (|2.94p . we have that 
m = ^'{a{Ur{tma(Mr{t)))fUr{tmt) 

= l?-™/('"+2)^(^(_^^(^(^)))),,(;;^^/(^(^^(^(^))))_ (2.105) 

Using the definition (j2.78p of V'(<^) iii terms of Pio) and squaring (|2.105p . we obtain 

fi ;/ N 2m(n + 6) 

^{tf = ^-^''^l^'^^'-^P{a{U{r{m)u{a{f,{T(t))))-^<^^ . (2.106) 

eqn 
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This shows that the first term in ()2.104p is equal to —e4>{t)'^ so that 

H{t) + 5H{tf = -e^tf + —^~^"'/^"'+^^u{a{UT{tm^^^+^E{aiUT{tm 

(2.107) 

Now utilizing the definitions ^HM^ ^^^^ and (|2:82]l of a{t),G{t) and Gi{t) respectively, (j2.107p 
becomes 

G{t) , A Giit) 



m + mt? = -e^^ + zd^a) + E ...-^ 

■ 2)- 



a(t) 3('"+2) i=l "W 



■Ci-g(2n-12m-mn)/6(m+2) 



which proves the theorem for A and Aj as in (|2.124p . o 

The statement of this theorem would have been much simpler if we were able to choose 
r(t) = Ta{t), since then many compositions of functions would cancel. In fact, such cancella- 
tions would make the use of T{t) obsolete, leaving only a{t) and its inverse g{a) to be required 
for the reparameterization which takes place in the translation between the functions a(t) and 
u((t). By (|2.71|) in the forward direction or equivalently (j2.77p in the converse, f(t) = f^{t) for 
{A + 2q — 2(5) /4(g — 6) = 1 and 4/(m + 2) = 1 respectively. This corresponds to the choice of 
parameter q = A/2 + 6, or equivalently m = 2 and n = 6 in the converse notation. Also for this 
choice S = hy (j2.83p . As stated above, the theorem only holds for q ^ 6 = 0, so the choice 
q = A/2 + 5 = A/2 is only possible for A ^ 0. In summary, when A ^ and 6 = 0, we apply the 
theorem with q = A/2 or equivalently m = 2, n = 6 in the converse notation. This will allow us to 
take the integration constant zero when integrating the relation f{t) = To-(t) so that T{t) = T„{t) 
and the statement of the theorem will become simpler. 

Therefore in application, the following two versions of the theorem will be useful. If A 7^ and 
5 = then the theorem will be implemented with q = A/2,m = 2,n = 6 and r(t) = Ta{t). If 
A = and 5^0 then in the converse notation m = and by the comments on notation at the 
beginning of this section, q = —6S/n and the theorem also takes a simpler form in this case. In 
particular by integrating (j2.87p and (|2.93p with ^ = m = 0, we have that f{Tfj{g{a))) = cr + to and 
a{fa{T{t))) = t — Iq for some constant io £ IR' (If ^i ^ are both nonzero then the theorem would be 
implemented as- is). 

Also in the statement of the above theorem, one can show that the constants 9 and "d are related 
by -i? = ^(^+29-2<5)/2((j-d) Qj. equivalently 9 = 'i92/(m+2) -^^ ^j^g converse notation. This was, in fact, 

why we chose to state the theorem more simply by using two separate constants 9 and "& for the 
forward and converse implications respectively - but this is not necessary in the case of the first 
5 = corollary since q = A/2 implies "d = 9'^. 
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Corollary 2.3.1 {A ^ 0,6 = ''^^"' q = A/2,T^{t) = T{t) ^ m = 2,n = 6,^ = 9^) Suppose 
you are given a twice differentiable function a{t) > 0, a once dijjerentiable function (j){t), and also 
functions G{t), Gi{t), . . . , GN{t) which satisfy the scale factor equation 

def. 

for some A^ G IN and A ^ 0,e,yli, . . . ,Aj^ G R (ii{€) =' a{t)/a{t)). In order to construct a set of 



^ FA a) 



functions which solve the Schrodinger-type equation 

u"{a) + \E{a) - P{<y)]u{a) = J^ -^, (2.110) 

begin by solving for a{t) in the differential equation 

a{t) = ]a{t)-^l^ (2.111) 

for some 6 > 0. Now allow g{a) to denote the inverse function of a{t) (which exists since &{t) > 



ons solve the Schrodinger-type equation 


\2.11M: 




u{a) = a{g{a)r^'^ 




(2.112) 


P{-) = ^^'(-)^ 




(2.113) 


E{a) = ^G(9(a)) 




(2.114) 


F^i^) = -^G,(g(a)) 




(2.115) 


Ci = 1-2-^,1 <i<N 




(2.116) 



for 



and 

^{a)=(t>{9{cT)). (2.117) 

Conversely, suppose you are given a twice differentiable function u{a) > and also functions 
E{a),P{a),Fi {a), . . . , F]\f{a) which satisfy the Schrodinger-type equation \2. 1 1 Q|) for some Ci G R, 
and A^ G M. In order to construct functions which solve the scale factor equation li2.1Uy\) . begin by 
solving for a{t) in the differential equation 

&{t) = ^u{a{t)) (2.118) 

for some 9 > 0. Next find a function ip{a) which solves the differential equation 

i^'i^f = ^P{<y) (2.119) 

for any e,A^ ]R\{0}. Then the following functions solve the scale factor equation \2.109\) : 

a{t) = n((j(t))-2M (2.120) 
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cf>{t) = V(cT(t))) (2.121) 

G{t) = -^E{a{t)) (2.122) 

G.{t) = -^FMt)) (2.123) 

for 

Ai = -{l-Ci),l<i<N. (2.124) 

Corollary 2.3.2 {A = 0,5 ^ ^ -3^ = 5,m = ^ f{ra{g{a))) = (J + to, cj{fa{r{t))) = t - to) 
Suppose you are given a twice differentiable function a{t) > 0, a once differentiable function 4){t), 
and also functions G{t),Gi{t), . . . , GN{t) which satisfy the scale factor equation 

H{t) + 5H{tf + em^ = G(t) + ^ -Al (2.125) 

1=1 ^ ' 

def. 

for some A^ G M and 6 / 0,e,Ai, . . . ,Aj\i G R (where as usual, H{t) = d{t)/a(t)). Then the 
functions 

u{a) = a{a + toY (2.126) 

P(a) = -e6il)\af (2.127) 

E{(t) = -6G{a + to) (2.128) 

F,{a) = 6Gi{a + to) (2.129) 

solve the Schrodinger-type equation 

u"{a) + [E{a) - P{a)Ha) = ^ -^ (2.130) 

i=i ^^'^> 

A- 
for Ci = ^-l,l<i<N (2.131) 



and ^p{a) = (|){a + to). (2.132) 

Conversely, suppose you are given a twice differentiable function u{cr) > and also functions 
E{a), P{a), Fi{a), . . . ,Fjv(o") which satisfy the Schrodinger-type equation \2.130\) for some Cj G R 
and iV G IN. For V'(c) such that 

^'{cjf = -j-^Pi^) (2.133) 

for any e, 5 G IIl\{0}, the following functions solve the scale factor equation /12.125\) : 

a{t) = u{t-toy/^ (2.134) 

0(t) = V(i-io) (2.135) 

G{t) = --E{t-to) (2.136) 



Gi{t) = lF,{t-to) (2.137) 

d 

for 

Ai = 5{l + Ci),l<i<N. (2.138) 
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Chapter 3 

Reformulations of the Priedmann- 
Robertson-Lemaitre- Walker 
model 



This cosinological model assumes that the d + 1-dimensional spacetime is both homogeneous and 
isotropic, resulting in a metric of the form 

ds'^ = -dt^ + a{tf ( ^ _ , 2 + ^^^^Li J (3.1) 

where a(t) is the scale factor, k € {—1,0, 1} is the curvature parameter and 

dnl_^ = del + sin^ ^^2 + ■■■ + sin^ 01- ■■ sin^ 9d-2d9J_^. (3.2) 

In this section, we take the energy density and pressure in equation ()1.7p to be 

and 

respectively, for some rij G IR and 1 < « < M. The nontrivial and distinct Einstein's equations 
g^^Gij = —Kg^^Tij+A are the (i,j) = (0,0) and {i,j) = (1,1) equations. Dividing by (d — 1), these 
equations are 



d ^^9 , . dk (i) K 



2 ' ' 2a(t)2 (d - 1) 



l^(t)^ + y(0(t)) + ^^ + p'(t) 



A 



id -I) 



(3.5) 
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m + Uitf + ^'^~^^'' ^^^ 



2 '' 2a{ty (d-l) 



^lu\2 MtMuw I V^ {ni-d)Di{t) 



where H{t) =' ^W. 



3.1 In terms of a Generalized EMP 

Theorem 3.1.1 Suppose you are given a twice differentiable function a{t) > 0, a once differentiable 
function 4>{t), and also functions Di{t), p'{t),p'{t), V{x) which satisfy the Einstein equations (i), (ii) 
in ( TO) for some k,ni, . . . ,nM,^ £ R,d £ R\{0, 1}, k £ E\{0} and M,M2 £ M. // /(r) is the 
inverse of a function T[t) which satisfies 



f{t) = ea{ty (3.6) 



for some 9 > and q £ E,\{0}, then 



Y{t) = a{f{T)Y and Q{t) = j^f\rf (3.7) 

solve the generalized EMP equation 

Y"{T) + Q{r)Y{r)= (3.8) 



for 



and 

g{r)=p'{f{T)),p{T)=p'{f{T)). (3.11) 

Conversely, suppose you are given a twice differentiable function Y{t) > 0, a continuous func- 
tion Q{t), and also functions 'Dii^r) for 1 < i < M,M £ IN and q{t),p{t) which solve i3. 8\) for 
some constants 6 > 0,q,K £ R\{0},A; £ Ii,d £ R\{0, 1} and n^ G R for 1 < i < M. In order to 
construct functions which solve {i),{ii), first find T{t),(p(T) which solve the differential equations 



qk -sr-^ qniKViir) 
02y(r)(2+g)/g ^ e^d{d - l)y(T)("»+9)/9 


qK{g{T) + p{t)) 
02(d-l)y(r) 




Vp(r) = ,/.(/(r)) 




(3.9) 


Bi(r) = A(/(t)), l<i<M 




(3.10) 





m-- 


= eY{T{t)) and (^'(r)2=^'^ ^^ Qir). 


(3.12) 


Then the functions 












a{t) = y(r(t))i/'? 


(3.13) 






m = (^(r(t)) 


(3.14) 






A(t) = »i(r(t)), l<i<M 


(3.15) 
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p'it) = e{T{t)),p'{t)=p{T{t)), 



(3.16) 



and 

vm)) 



d[d-i) ( e^jY'f , k \ e\^ ^^ ^ V, A 



satisfy equations (i), (ii) 



r(t) (3.17) 



Proof. This proof will implement Theorem 12.1.11 with constants and functions as indicated in the 
following table. 



Table 3.1: Theorem EXU applied to FRLW 



In Theorem 



6 
Go{t) 

Gi{t),l <i<M 

G]\i+i{t) 

Ao(r) 

Ai(T),l <i<M 

Am+i(t) 



substitute 



In Theorem 




constant k 

^ip'(t)+p'{t)) 
constant qk/O"^ 



e 
Ao 

Ai 

Am+i 

Bo 

B^ 

Bm+i 



substitute 



K/{d- 
2 



Hi 







(2 + q)/q 
{ui + q)/q 
1 



To prove the forward implication, we assume to be given functions which solve the Einstein 
field equations (i) and {ii). Subtracting equations (ii) — {i) we obtain 



m 



k 



a{tf 



{d-l) 



M 



ktf+Y. 



niDijt) 
da{tY- 



+ [p'{t)+p'{t)) 



(3.18) 



This shows that a{t),(j){t),Di{t), p'{t) and p'{t) satisfy the hypothesis of Theorem 12.3. H applied 
with constants e,£,N,AQ, . . . , Aj\j- and functions Go(t), . . . , Gjv(t) according to Table 13.11 Since 
T{t),Y{T), Q{t) and (/?(r) defined in (j3.6p . (j3.7p and (j3.9p are equivalent to that in the forward impli- 
cation of Theorem 12. 3. 11 by this theorem and by definitions (|3.10p and (j3.1ip of T)(r) and £)(t), p(r), 
the generalized EMP equation (j2.2p holds for constants Bq, . . . , B^ and functions Ao(t), . . . , Xn{t) 
as indicated in Table 13.11 This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the generalized 
EMP equation (13. Sp and we begin by showing that (i) is satisfied. Differentiating definition (|3.13p 
of a{t) and by the definition of r(t) in (j3.12p . we have that 

a{t) = -Y{T{t))\-'Y'{r{t))f{t) 
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= -y(r(t))i/«r(r(t)). (3.19) 

Dividing by a(t) we obtain 

.ej. ait) ^ e_^ 
a(t) q 

Differentiating the definition (|3.14p of (j){t) and using definition of r(t) in (j3.12p . we find that 

m = v'{T{t))f{t) = e^'{r{t))Y{T{t)). (3.21) 

Using dS^QD, dSJlD, and the definitions (|3l^ . (IXT5]) and ([3l6]) of a(t), Di{t) and p'{t) respectively, 
the definition (13.170 oiV o 4> can be written as 

This sliows that (i) holds (that is, the definition of V[(t){t)) was designed to be such that (i) holds). 
To conclude the proof we must also show that [ii) holds. In the converse direction the hypoth- 
esis of the converse of Theorem 12.1.11 holds, applied with constants N,Bq, . . . , B^ and functions 
Ao(t), . . . , AAr(r) as indicated in Table [3Tl Since T{t),ip{T),a{t) and (j){t) defined in (j3.12p . (j3.13p 
and (I3.14P are consistent with the converse implication of Theorem A.l, applied with 5 and e as in 
Table [3TT| by this theorem and by the definitions (j3.15p and (j3.16p of Di(t) and p'(t),p'{t) the scale 
factor equation (12. ip holds for constants 6,e,AQ, . . . , Aj\f and functions Go{t), . . . , G]\[{t) according 
to Table [3TT1 That is, we have regained ()3.18p which shows that the subtraction of equations (ii)-(i) 
holds in the converse direction. Now solving (]3.22p for p'{t) and substituting this into (j3.18p . we 
obtain (ii). This proves the theorem. o 

3.1.1 First reduction to classical EMP: pure scalar field 

As a special case we take p' = p' = Di = and we choose the parameter q = 1. Then Theorem 
13.1.11 shows that solving the Einstein equations 



d ^^n, , dk (lY K 

-H^{t) + - 



2 ' ' 2a(i)2 (d - 1) 



m + -H{tf + ^''~^^'' ^-^' 



^-<P{tf + vm)) 



2 ^' 2a(t)2 [d-l) 

is equivalent to solving the classical EMP equation 



\,ktf - viMt)) 



A 



+ 



(d-l) 



y"(r) + Q(r)y(r) = ^j^^^^33 (3.24) 



^2y(r 
for any constant ^ > 0. The solutions of {i)\ [ii)' and (I3.24p are related by 



,, ,2_ {d-l) 



a{t) = Y{T{t)) and ^'(r)^ = ^ '-Q{t) (3.25) 
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for (p(t) = (p[T{t)) and 

f{t) = 9a{t) = eY{T{t)). 

Also in the converse direction, V is taken to be 

32 



vm)) 



d{d-l) 



2k 



^'rf + ^) - ^-^YH^'f - ^ 



'r(t). 



(3.26) 



(3.27) 



Referring to Appendix D for solutions of the classical and corresponding homogeneous EMP 
equation (I3.24|) . we will use the theorem to compute some exact solutions of Einstein's equations. 
By comparing (j3.26p and (|D.5p . we note to only consider solutions of ()D.5P in Appendix D corre- 
sponding to ro = 1. Also note that a{t) in (]D.6P is not relevant in the FRLW model. 



Example 1 For zero curvature k = and for 9 = 1, we take solution 1 in Table \D.1\ of the 
homogeneous equation Y"{t) + Q{t)Y{t) = with Q{t) = Qo > 0. That is, Y{t) = cos{-s/Qqt) 

and by IID.8\) - KD.10\) we obtain T{t) = -^Arctan (tank (^^{t - to))) and 



a{t) = Y{T{t)) = seek (v^(* - *o)) 
for to G m. Then by ^D. 1 1 ) with oq = {d — 1)/k, we obtain the scalar field 



<j){t) '^M- ip{T{t)) = 2\l^ ^-^Arctan ( tank 



(t - to) + /3o 



for /3o G E. Finally, by (TWl^ , (EilP and IDAUO we get 



vm)) 



so that 



V{w) 



d{d-l] 

2k 

id-l)Qo 

2k 



id-l)Qo 
2k 



{Y 



/\2 



2r„/\2 



7;y'i^' 



A 

K 



r{t) 



(3.28) 



(3.29) 



(3.30) 



d tanh ( \/Qo{t — to) ) — sech 



Vo{t - to) 



A 

K 



d tanh ( 2Arctanh \ tan , . , , 

V V V2V(rf-i) 



{w - /3o) 



—sech^ { 2Arctanh ( tan ( — 



(d-1) 



(w - /3o) 



A 

K 



Since 



2 ( (I 

(w) = Arctanh ( tan {—.,,, 



iw-/3o)]]+ to. 



(3.31) 



(3.32) 



For Qq = 1 and to = 0, the solver was run with Y and Y' both perturbed by .05. The graphs of 
a{t) below show that this solution is stable. 
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Figure 3.1: Stability of FRLW Example 1 




Example 2 For zero curvature fc = and for 9 = 1, we take solution 2 in Table \D.1\ of the 
homogeneous equation Y"{t) + Q{t)Y{t) = with Q{t) = Qq > 0. That is, Y{t) = sin{y/(^T) 

and by [Dl^) - (DA^ we obtain T{t) = -^^Arctan Te^^^^*"*")] and 



a{t) = Y{T{t)) = seek (^^/Q^{t - to)) 
for to G IK" Then by liD.lS\) with oq = {d — 1)/k, the scalar field is 

m =^- (/,(r(t)) = 2^^^^Arctan (ev^(*-*")) + /3o 
for /3o G E. Finally, by (TWl^ , (DIM and (DA4\) we have 



vm)) 



d(d-l), .,2 1 



.{Y'f--Y-\^'f-- 
Ik 1 n 



2k 



d tank 



or(t) 
^' ^{t-to))-sech^^Qo{t-to) 



A 

K 



so that 



V{w) 



{d-l)Qo 



2k 



d tank I In ( tan ( — 



2V(d-i: 



iw-Po) 



sech I In ( tan ( — 



2V (d-1 



-(^-/3o) 



A 

K 



Since 



<p-\w) 



In tan 



-iw-M] +to- 



(3.33) 



(3.34) 



(3.35) 



(3.36) 



(3.37) 



^"'V""\2y (d-l) 

This differs from Example 1 only in the form of the potential V . 

For Qo = 1 and to = 0, the solver was run with Y and Y' both perturbed by .05. The graphs of 
a{t) below show that this solution is stable. 
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Figure 3.2: Stability of FRLW Example 2 




Example 3 For zero curvature k = and for = 1, we take solution 4 in Table \D.1\ of the 

homogeneous equation Y"{t) + Q{t)Y{t) = with Q{t) = (io(l — d^j/r"^ for an arbitrary constant 

< do < 1. That is, Y{t) = aor'^° and by setting ro = 1 in IID.19\) - IID.21\) we obtain r{t) = 

1 
{{1- do)ao{t-to))^-'^o and 

a{t) = Y{T{t))=Ao{t-to)^ (3.38) 

fort > toe R and Aq '^= (ao(l - do)'^°)^^^^~'^°^ Then by lD4^ with ao = {d - 1)/k, the scalar 
field is 

<P{t) =^- <^(r(t)) = B ln(t - to) + /3o (3.39) 

def. 



for /3o G E and B 



J^^^. Finally, by (3^, (EM and mM) . we get 
'd{d 



vm)) 



1 



{Y 



2k 



\y\^'? 



K 



r{t) 



(1 - do) J it- tor 



A 

K 



and 



V{w) 



B^ Uo{d+l)-l 
2 V {I -do) 



g-|H-/3o) _ li 



A 

K 



(3.40) 



(3.41) 



since 



r\w) 



e^("'-*)+to- 



(3.42) 



By setting d = 3, A = to = and identifying do/{l — do) here with n in J 13^ . we obtain the 
zero curvature solution in example 4-4 of Ellis and Madsen JIS'L Also, by setting d = 2, A = 
0, ao = (\/K/do)*' and identifying (1 — do)/do and k here with 72 and K2 in fWi, we obtain 
the Cruz-Martinez solution with Eq = 1, where one must note that our integration constant /3o 
corresponds to ln{^2\f^) I \J ^^2l2 + <Ao ^^ /7^ . Similarly with d = 3, A = 0, ao = {\/ K/3/do)'^° 
and identifying (1 — do) /do and k here with 373/2 and K3 in ]15^ . we obtain the (3 + 1) counterpart 
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of the Cruz- Martinez solution with e^ = 1, where again our integration constant j3q corresponds to 
2ln (73-^/3^^/2) /-y/3K373 + (jiQ in [15l. One can also compare this example with solutions in IR [7^ 
For ao = 1 and to = 0, the solver was run with Y,Y' and r perturbed by .01. The graphs of a{t) 
below show that the solution is unstable. In both cases, the absolute error grows by two orders of 
magnitude over the graphed time intervals. 

Figure 3.3: Instability of FRLW Example 3, do = 1/2 




Figure 3.4: Instability of FRLW Example 3, do = 1/3 
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Example 4 For zero curvature k = and 9 = 1, we take solution Y{t) = t,Q{t) = from line 
4 in Table [D?71 with do = 1 for the homogeneous equation Y"{t) + Q{t)Y{t) = 0. By following 

m 



m 



we obtain T{t) = aoe* *" and 

a{t) = Y{T{t)) = aoe*-*° 



(3.43) 



def. 



for ao,tQ € m and t > to- Since Q{t) = = (p'{t) we have constant scalar field 4){t) = (f{T{t)) = 
00 G IK.- Finally, by equation ^3.21^ for V{(t){t)) and using that Y'{t) = 1, we obtain constant 
potential V =\ (^^^ - h\ . 

For oq = 1 and fo = 0, the solver was run with Y,Y' and r perturbed by .1. The graphs of a{t) 
below show that the solution is unstable. The absolute error grows by up to four orders of magnitude 
over the graphed time interval. 



Figure 3.5: Instability of FRLW Example 4 




Example 5 For negative curvature k = —1 and for 9 = 1, we consider the classical EMP equation 
Y"{t) + Q{t)Y{t) = —1/Y{t)'^. For solution 5 in Table lPTl] with bo = do = and cq = 1, we have 
that Q{t) = and Y{t) = (oo + 2t)^/2 j^^ ^^^g ^^ ^ ^ Following (P^ - [P^) we obtain 
'^(*) = I ((* ~ *o)^ - ao) and 



a{t) = y(r(t)) =t-to 



(3.44) 



def. 



for to G B,. Since Q{t) = = <f'{T) we obtain constant scalar field (j){t) "=' ip(T{t)) = 00 G 11. 
Finally, by \3.21^ , iD.30\) and W. 29(1 we obtain constant potential V{(t){t)) = —A/k. 

For ao = to = 0, the solver was run with Y,Y' and r perturbed by .1. The graphs of a{t) below 
show that the solution is unstable. The absolute error grows by two orders of magnitude over the 
graphed time interval. 
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Figure 3.6: Instability of FRLW Example 5 




Example 6 For 9 = 1 and arbitrary curvature k = ao&o ~ Cg for some bo > and ao,co G R, 
we consider the classical EMP equation Y"{t) + Q{t)Y{t) = (ao^o — c^)/Y{t)'^ . For solution 5 in 
Table\D^with do = 0, we have that Q{t) = and Y{t) = {ao + boT^ + 2cor)V2. Following IID.33\) 

- (DJ^ with k = X we obtain T{t) = -^ f 6oe^^(*~*o) - 4A:e~^^(*~*") - 4.^yb^co) and 

4bW \ J 



a{t) = Y{Tit)) 



IpV^(t-to) I A 

4 ^ 



/hAt-to) 



bo 



for to € B,. Since Q{t) = = (/?'(t) we obtain constant scalar field 

<Pit) =^- <^(r(t)) = cPo 



(3.45) 



(3.46) 



for constant 0o G R. Finally, by ^3.27^ , ( f-P. 30\) and W.35\) we obtain 

did - 1) I ^0 (6oe^^(*"*o) - 4A:e-^^(*-*o)) 



Vim) 



IQhlk 



2k 
1 (d{d-l)bo 



5geV5o(t-to) + 4A:e~^/^(*~*o) ) 



A 

At 



A 



(3.47) 



For qq = bo = 1 and to = cq = 0, the solver was run with Y,Y' and r perturbed by .1. The 
graphs of a{t) show that the solution is unstable. In both cases the absolute error grows by up to 
two orders of magnitude over the graphed time intervals. 
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Figure 3.7: Instability of FRLW Example 6, k = 1 




Figure 3.8: Instability of FRLW Example 6, k = —1 
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Example 7 For curvature k and 9 > 0, we consider the EMP equation Y"{t) + Q{t)Y{t) 
k/9'^Y{T)^. For solution 5 in Table IDH] with oq = bo = and cq = 1/2, we have that Q{t) 
do{l - do)/T'^ for the choice do = (1/2) - (V^/O), and Y{t) -- 
obtain r(t) = —{t — to)^ O'^d 

a(t) = y(r(t)) = ^(t-to) 



7. Following ^DJ^-^DJ^ we 

(3.48) 



for t > to £ H. Then by ID.44 ) with ao = {d — 1)/k, we obtain scalar field 

m = ^{Tit)) -- 

Also by ^3.27\ ) we obtain 



(d-l)(g2 + 4fc) 



ln(t - to) + /3o. 



vm)) 



d{d-l) 



'iY'y + 



so that 



since 



V{w) 



{d - If {e'^ + 4fc) A 
2«;6l2 (t-tof K 

id-ir 



-Y\^' 



/\2 



r(t) 



2/^02 



(^2 + 4A;) e 



(d-l)(e^+4fe) 



(w~M 



A 

K 



4>-\w) 



^—^^—-^(n^-M^^^^ 



(3.49) 



(3.50) 



(3.51) 



(3.52) 



Note that although the number do may be complex, the above solution is real for each k E {—1,0, 1} 
by a proper choice of 9 > 0. By taking d = 3,A = to = and also identifying 9/2 here with A in 
]13^ . we obtain the solutions in example 4-5 of Ellis and Madsen 113]. One can also compare with 
solutions in 0/. 

For to = 0, the solver was run with Y, Y' and r perturbed by .01. The graphs of a{t) below show 
that the solution is unstable. In all three cases below the absolute error grows by up to two orders 
of magnitude over the graphed time interval. 
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Figure 3.9: Instability of FRLW Example 7, k = 0,e = 1 




Figure 3.10: Instability of FRLW Example 7, A; = 1,6* = 1 
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Figure 3.11: Instability of FRLW Example 7, k = -1,9 = 4 




Example 8 For k G {0,1} and 9 > 0, we consider the BMP equation Y"{t) + Q{t)Y{t) = 
k/9'^Y{Tf. For solution 6 in Table\Dj\ with Ai = k/9'^ and Bi = 3, we have that Q{t) = k/9'^T'^ 
and Y{t) = r. Following (D.4-5) - (D.4-6) we obtain T{t) = aoe^*-*~*°^ and 



a{t) = Y{T{t)) = aoe^(*-*o) 
for ao > and t > t^. Then by ID.48 ) with uq = {d — 1)/k, the scalar field is 



m "U- ipirit)) 



aoV 9^K ^^°- 



(3.53) 



(3.54) 



Finally, by 1^3.211^ we obtain 

vm)) = 



d{d-l) 
2k 



'iY'Y + 



y2 



-yH^' 



/\2 



A' 

K 



r{t) 



d{d-l)^^ , {d-lfk 



2k 



+ 



2KaQ 



29(t-to) 



A 

K 



so that 



V{w) 



{d-l)9^ (d 



+ {w- f3o)' 



A 

K 



(3.55) 



by composition with </>~^. By taking d = 3, A = tQ = and identifying 9 with oj, gq with A and /3o 
with (j)Q in 113], this is example 4-1 of Ellis and Madsen il3j . One can also compare this example 
with the (non-phantom) exponential expansion solution in I17f , and also other solutions in f^. 

For qq = 9 = k = 1 and to = 0, the solver was run with Y,Y' and r perturbed by .1. The 
graphs of a{t) below show that the solution is unstable. The absolute error grows by two orders of 
magnitude over the graphed time interval. 
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Figure 3.12: Instability of FRLW Example 8 




Example 9 For 6 = 1 and positive curvature k = 1, we consider the classical EMP equation 
Y"{t) + Q{t)Y{t) = l/y(r)3. For solution 7 in TablelDj\we have Y{t) = {alr'^ + 6g)i/2 ^^^/^ 

Ai = 1 and we take Q{t) = (1 - Oq^o)/ ('^o''"^ + ^o) f^''" '^o,bo > and (1 - a^bl) > 0. Following 
( 'D4^ )- fD75l\) we obtain T{t) = ^sinh(ao(t - to)) and 

a{t) = Y{T{t)) = bo cosh(ao(t - to)) (3.56) 

for to G IK,- Then by (D.54) with a^ = {d — 1)/k, we have scalar field 



m 




Arctan (sinh(ao(t — to))) + /3o 



forBd 



def. / (d-l)2(l ggbg) 



. By \3.n ) we obtain 



vm)) 



d{d-l) 



2k 



(yr + y, 



^Y'i^r 



A 



r{t) 



d{d 



—^ + Bjsech^iaoit - to)) - - 
2k k 



so that 



V{w) 



did-l)al U 

2k '^ \Bd 



{d-l) 



w 



/3o) 



A 



(3.57) 



(3.58) 



(3.59) 



by composition with (j)~^ ■ By taking d = 3,A = to = and identifying qq with u, bo with A and 
Bd = -B3 with B in flSf , this is comparable to example 4-3 of Ellis and Madsen 113]. One can verify 
via differentiation that (j){t) in |g.57| j agrees up to a constant with (p{t) in example 4-3 of 113^ - 

For oq = 9 = 1 and to = 0, the solver was run with Y,Y' and r perturbed by .01. The graphs 
of a{t) below show that the solution is unstable. The absolute error grows by up to two orders of 
magnitude over the graphed time interval. 
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Figure 3.13: Instability of FRLW Example 9 




Example 10 ForO = 1 and arbitrary curvature k, we consider the classical EMP equation Y"{t) + 
Q{t)Y{t) = k/Y{Tf. For solution 7 in TablelDj\ we have Y{r) = (alr'^ - 6g)i/2 ^^^j^ X^ = k 
and we take Q{t) = {k + agfto)/ (oq''"^ ~ ^o) /^'^ ^^Oi^o > such that {k + ag^g) > 0. Following 
lK55\) - (D~5l^ we obtain T{t) = ^ cosh(ao(t - to)) and 



a{t) = Y{T{t)) = bo sinh(ao(t - to)) 
for to S IR" Then by liD.60\) with qq = (d — 1)/^, the scalar field is 



m 



B, 



ao y {d — 1 



-Arctanh (cosh(ao(t — to))) + /3o 



(3.60) 



(3.61) 



forBd 



dg. I {d-l)Hk+a^X) 

2Kfeg 



SO that 



By ( [g.i7| ) we obtain 



vm)) 



d{d - l)al 



2(',„/\2 



-Y'{^^ 



or(t) 



A 



+ S^csc/i^(ao(t-to)) 



V{w) 



d{d-l)a^o , I,2„;„^,2 / ao , I {d - I) 



2k 



+ i?jsinh^ -^ 



A 



2 ("-*) -^ 



(3.62) 



(3.63) 



6j/ composition with (p^^ . By taking d = 3,A = tg = and identifying oq with u, bo with A and 
Bd = B-^ with B in jilSf . this is comparable to example J^.2 of Ellis and Madsen ]13^ . One can verify 
via differentiation that (j){t) in \3.5T^ agrees up to a constant with (f){t) in example 4-2 of [W]. 
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3.1.2 Second reduction to classical EMP: zero curvature 



For a second set of examples, we take special case with curvature k = and p' = p' = Di = for all 
i ^ 1. For non-zero matter density I?i/a(t)"'i = D/a(t)'^ with D,n^ constants, and we choose 
parameter q = n/2. Then Theorem 13.1.11 shows that solving Einstein's equations 



2^ ('^ - Jd^ 



-<P(tf + V{<Pit)) + 



D 



a{t)^ 



+ 



A 



(d-l) 



(3.64) 



2^ 



H{t) + ^H{tf 



(ii)" 



(d-l) 
is equivalent to solving the classical EMP equation 

Y"{t) + Q{t)Y{t) 



2^^ ' ^^^ " da(tY 



+ 



A 



(d-l) 



-r?KD 



2Q'^d(d-\)Y(Tf 
for any constant ^ > 0. The solutions of («)", [ii)" and (|3.65p are related by 

ait) = y(r(t))2/" and 

for (j){t) = c/?(r(t)) and 



^'^rf = ?!^^Q^r) 



riK 



f{t) = ea{t)"/^ = 9Y{T{t)). 
Also in the converse direction, V is taken to be 



vm)) 



2e^d{d-l) 



KTl^ 



(yt - -:,y\^'? - ^ - - 



D A 

y2 K 



T(t). 



(3.65) 

(3.66) 

(3.67) 

(3.68) 



We now refer to Appendix D for solutions of the classical and corresponding homogeneous EMP 
equation (j3.65p that we will map over to solutions of Einstein's equations. By comparing (j3.67p 
and (|D.5p . we note to only consider solutions of (|D.5p in Appendix D corresponding to ro = 1. Also 
note that a{t) in (|D.6P is not relevant in the FRLW model. 



Example 11 For zero matter density (D = Oj and for = 1, we take solution 1 in Table \D71\ of 
the homogeneous equation Y"{t) +Q{t)Y{t) = with Q{t) = Qq > 0. That is, Y(t) = cos{^/QoT) 

and by IID.8\} - IID.10\) we obtain T{t) = -^Arctan (tank (^^{t - to)) ) and 



(3.69) 



a{t) = Yirit))""/^ = sech^/'^ {Vo'oit - to)) 
for to G R. Then by ^D. 1 1 ) with oq = 2{d — l)/nK, we have scalar field 

m''=^-^{r{t)) = 2^l'^^ 



-Arctan I tanh 



^G 



UK \ \ 2 

for /3o e E. Finally, by ^MM)> (E2iP and [DJU) we obtain 

'2d{d- 1 



{t-to)]]+ A 



vm)) 



n^. <y'f-\y\.r-^^ 



r{t) 



(3.70) 



(3.71) 
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(d-l)Qo C^d 



UK 



-tank 



n 



Qoit -to)) - sech? ( v^(i - ^0 



A 



SO that 



V{w) 



{d-l)Qo (2d 



nn 



UK 



tanh I 2Arctanh ( tan , .-,,„.,,, 
n V V y2^/^y (d-l) 

1 



1 



{w - /3o) 



-sech ( 2Arctanh ( tan , ^ /^ •> ; / , 

V V \2^/^y (d-l) 



nn 



{w - Po, 



A 



Since 



r'H 



zArctanh ( tan 



1 



nn 



iw-(3Q)] +to 



(3.72) 



(3.73) 



/Q^ V""V23/2V(d-l) 

T/iis solution is the same as Example 1 when n = 2. One reasonably expects the convergence 
properties to he the same as Example 1, since Y{t) and the EMP equation do not depend on n. 



Example 12 For zero matter density (D = Oj and for 9=1, we take solution 2 in Table \DJ\ of 
the homogeneous equation Y" {t) + Q{t)Y {r) = with Q{t) = Qq > 0. That is, Y{t) = sin{-\fQQT) 
and by ^DA^) - (DJ4\ ) we obtain T{t) = -^Arctan ('ev^^*"*'')) and 

yWO \ / 



a{t) = y(r(t))2/« = sec/i2/« (^y^{t - to)) 
for to £ R. Then by IID.18\) with oq = 2{d — l)/nK, the scalar field is 



0(t)'^i/>(r(t))=23/^/5Zi) 



Arctan ( e 



,v^(t-to) 



+ /3o 



for /3o G E. Finally, by (MM)> (EHi and [DJ^ we have 



Vim) 



2d{d-l) ,2 ^^2t^J^2 



n^K 



¥'^-^'--. 



^r{t) 



(3.74) 



(3.75) 



(3.76) 



(d-l)Qo f2d 



riK 



-tanh 



n 



Qo{t-to)) -sech'iy'Qoit-to) 



A 

K 



SO that 



Vivj) 



(d-l)Qo 



nn 



2d 



— tanh"^ ( In ( tan ( -pr^r w r 

n V V \2^/^y (d-l) 



1 



[w - /3o) 



since 



r\w) 



sech I In ( tan 



1 



In I tan 



1 


/ n«: 


22/3 ^ 


l{d-l) 


i 


1 UK 



(w - /3o) 



{w-(3q)]]+ to 



A 



(3.77) 



(3.78) 



/Q^-y-y2y^y (d-l) 

This differs from Example 7 only in the form of the potential V. This solution is the same as 
Example 2 when n = 2. One reasonably expects the convergence properties to be the same as 
Example 2, since Y{t) and the EMP equation do not depend on n. 
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Example 13 For D = 2d{d — l)/n?'K and 9 = 1, we consider the classical EMP equation Y"{t) + 
Q{t)Y{t) = —1/Y{t)^. For solution 5 in Table \D.1\ with Lq = do = and cq = 1, we have 
that Q{t) = and Y{t) = (oq + 2t)'^/^ for some oq G E. Following [D^ - lDl§\) we obtain 
''"(*) = M(* ~ *o)^ - ao) and 

a{t) = y(r(t))2/" = {t- to)^/" (3.79) 

for to £ M, and t > to. Since Q{t) = = ^'{t), the scalar field is constant 

m =^- (^(r(t)) = <Ao (3.80) 

for (pQ G H. Finally, by hS. 6^) . liD.30\) and liD.29\) we obtain constant potential 

V{<P{t)) = --. (3.81) 

This solution is the same as Example 5 when n = 2. One reasonably expects the convergence 
properties to be the same as Example 5, since Y{t) and the EMP equation do not depend on n. 

Example 14 For 9 = 1 and D = 2d{d — l)/n^K we consider the classical EMP equation Y"{t) + 
Q{t)Y{t) = —1/Y{t)'^. For solution 5 in Table ["D?71 with do = and ag = (cq — l)/bo for some 
6o > and cq G E, we have that Q{t) = and Y{t) = {ao + ^qt^ + 2cot)^/^. Following HP. 33\) - 

[D~35\) with \ = -1 we obtain T{t) = -^ ('feoe^^^*"*") + 4e~^^(*-*o) - 4\/5^co] and 

/I 1 \ 2/" 

a{t) = y(r(t))2/" = e^^(*-*») - _e-^^(*-*o) (3.82) 

for to G E. Since Q{t) = = '■p'{t), the scalar field is any constant 

(Pit) '^^- V9(r(t)) = </.o G E. (3.83) 

Finally, by i3.68\) . W. 36\} and liD.35\} we obtain constant potential 



vm)) 



2d{d - 1) I ^0 (6oev^(*-*") + 4e-v^(*-*«)) - IGftg \ ^ 



(boe^'^^~^o) - 4e-v^(*-*o)y 



(Mi_i)^_A) 



A . (3.84) 



This solution is the same as Example 6 when n = 2. One reasonably expects the convergence 
properties to be the same as Example 6, since Y{t) and the EMP equation do not depend on n. 

Example 15 For constant C =' 2e"d(d-i') ^ *-*' ''^^ consider the EMP equation Y" {t)+Q{t)Y (t) = 
—C/6'^Y{t)^. For solution 5 in Table lDA\ with ao = bo = and cq = 1/2, we have that Q{t) = 
do{l - do)/T^ for the choice do = (1/2) - {VC/9), and Y{t) = ^. Following [KM) - [KM) we 
obtain T{t) = ^{t — to)^ and 



a(t) = y(r(t))2/«=(^-(t-to)J (3.85) 
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2{d-i){e^-iC) 



ln(t - to) + /3o 



for t > to G IK,- Then by {D.44) with ao = 2{d — l)/nK, we get scalar field 

m = ip{T{t)) 

Also by i3.27\ ) we obtain 

vm)) 

so that 



{d - l){e^ - 4C){2d - n) A 

K 



V{w) 



KTi^e^it - toy 

(rf _ i)(g2 _ ^c){2d - n) ^2\/^=^^f|^(»,-/3o) _ A 



KU 



202 



Since 



nK92 



''^(w) = eV 2(d-l)(92-4C) 



(«,-/3o) 



+ to. 



(3.86) 



(3.87) 



(3.88) 



(3.89) 



For C = 1,9 = 4:,n = 2 and to = 0, the solver was run with Y,Y' and r perturbed by .001. 
The graphs of a{t) below show that the solution is unstable. The absolute error grows three orders 
of magnitude over the graphed time interval. Since Y{t) does not depend on n, other choices of n 
will also be unstable. 

Figure 3.14: Instability of FRLW Example 15 




Example 16 For 6 = 1 and constant C = •^u_i\ > 0, we consider the EMP equation Y"{t) + 
Q{t)Y(t) = -C/Y{Tf. For solution 7 in Table\K^we have Y{t) = [oIt"^ - 6^)^/^ ^^^j^ ^i = -C 
and we let Q{t) = (a^bQ — C)/ {a'^r'^ — 69) forao,bo > chosen such that (a^bQ — C) > 0. Following 
[K55\) - (D~5T\ ) we obtain T{t) = ^ cosh(ao(t - to)) and 



ait) = Y{T{t))^/^ = {bo sinh(ao(t - to)))'/" 



(3.90) 
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for to £ K-- Then by iD.60\) with oq = 2(d — l)/nK, the scalar field is 



aoy{d- 1) 



Arctanh (cosh(ao(t — to))) + /^o 



(3.91) 



for Bd 



def. I [d-l)^{alhl-C) 



p° ' . By (f5J?P we obtain 

Or, ^ i 



vm)) 



Md-l),,w,2 1..2, M2 ^ A 



KU" 



-iX' 



-Y'i^' 



Y2 



r(t) 



2did-l)al Bf,{2d-n) ./ . nx ^ 

+ )^ ,. csch\aoit - to)) - - 



n^K 



so that 



^^, ^ 2d{d-\)al Bj{2d-n) ,2/00 /(d-1), 



A 

K 



(3.92) 
(3.93) 



6y composition with (p^^ ■ 

For C = bo = l,ao = 2,n = 3 and to = 0, the solver was run with Y, Y' and r perturbed by .01. 
The graphs of a{t) below show that the solution is unstable. The absolute error grows 16 orders of 
magnitude over the graphed time interval. Since Y{t) does not depend on n, other choices of n will 
also be unstable. 



Figure 3.15: Instability of FRLW Example 16 
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3.2 In terms of a Schrodinger-Type Equation 

To reformulate the Einstein field equations (i),(ii) in ()3.5p in terms of a Schrodinger-type equation 
(with one less non-linear term than that which is provided by the generalized EMP formulation), 
one can apply Corollary 12.3.11 to the difference (ii)-(i). In doing so, Corollary 12.3.11 may be applied 
in a few different ways: either by taking A^ = -^^J^ in which case this term transforms into the 

linear term Eu{a) = 9'^ku{a) in the corresponding Schrodiner-type equation, or by taking .\j^ = 

^"j J*- — where j is some index with Uj 7^ in which case this nonlinear term transforms into 



o^Kn? 



d(d-l)a(t)"i 

the linear term E{a)u{a) = — 2m21\) Dj (Q")^('7) in the corresponding Schrodinger-type equation. 
We will state both applications. 

Theorem 3.2.1 (Apply Corollary{2^3j\with -^^ - -^ 



Suppose you are given a twice differentiahle function a{t) > 0, a once differentiable function (j){t), 
and also functions Di{t) , p' (t) , p' (t) , V (x) which satisfy the Einstein equations {i),{ii) in ^3.5]) for 
some k,ni, . . . , riMj A £ M.,d £ ll\{0, 1}, k G 1R.\{0} and M £ M. Let g{a) denote the inverse of a 
function a{t) which satisfies 

for some 6 > 0. Then the following functions 

uia) = -j^ (3.95) 

solve the Schrodinger-type equation 

^ a[d — l)u[a)^ "■'■ [d — l)u[a) 



for 



and 



^P{a) = c^{g{a)) (3.98) 

V)i{a) = D,{g{a)), l<i<M (3.99) 



pia) = p'{g{a)), p(a) = p'{g{a)). (3.100) 

Conversely, suppose you are given a twice differentiahle function u{a) > 0, and also functions 
P{a),T>i{a) for l<i<M, MgW and p{a),p{a) which solve \3.91\j for some constants 9 > 0,k £ 
R, K S R\{0}, d G R\{0, 1} and nj G IR, for 1 < i < M . In order to construct functions which solve 
(i), (ii), first find a(t),ilj{a) which solve the differential equations 

&{t) = lu{a{t)) and ij)' {af = ^ ~^' P{a). (3.101) 



Then the functions 



ait) = — 4ttt (3.102) 
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Di{t) = Bi{a{t)), l<i<M 
p'{t) = p{a{t)), p'{t) = p{a{t)), 



and 



V{<Pit)) 



d{d-l) ( 1 . ,,2 



2k V6'2 
satisfy the equations (i), (ii). 



K)^ + ^n2)-^^-X;D,n--p 



2^2 



i=l 



A 

K 



ait) 



(3.103) 

(3.104) 
(3.105) 

(3.106) 



Proof. This proof will implement Corollary 12. 3. II with constants and functions as indicated in the 
following table. 



Table 3.2: Corollary [2XT] applied to FRLW 



In Corollary 



e 
Git) 

Giit),l <i<M 

Gu+iit) 

Fiia),l <i< M 

FM+iicr) 



substitute 



In Corollary 



K/id-1) 

constant k 

-S(^A(t) 
j^ip'it)+p'it)) 



d(d-l) 



itD^(^) 



(fe)(p('^)+p('^)) 



Eia) 
A 

A, 
Cm+1 



substitute 



constant 9'^k 
2 



l-Ui 

1 



To prove the forward implication, we assume to be given functions which solve the Einstein 
field equations (i) and (ii). Subtracting equations (ii) — (i), 



Hit) 



k 



aitf 



id -I) 



M 



m'+Y. 



njDiit) 
dait)"^^ 



+ ip'it)+p'it)) 



(3.107) 



This shows that ait),4>it),Diit), p'it) and p'it) satisfy the hypothesis of Corollarv 12.3. H applied 
with constants e, A'', ^, ^i . . . , An and functions Git), Gi(t) . . . , Gjyit) according to Table [3^ Since 
o-(t),n(cr),P(o-) and ipia) defined in ([SiM]) . dSJS]), (IMG]) and H^Mh are equivalent to that in the 
forward implication of Corollary 12.3. H by this corollary and by definitions (13.99P and (|3.100p of 
Dj((t) and p((t),p((t), the Schrodinger-type equation (j2.110p holds for constants Ci, . . . ,Ciy and 
functions -Fi((t), . . . ,-F/v(c) as indicated in Table [321 This proves the forward implication. 

To prove the converse implication, assume we are given functions which solve the Schrodinger- 
type equation (I3.97P and we begin by showing that (i) is satisfied. Differentiating the definition 
(j3.102p of a(t) and by the definition in (|3.10ip of o"(t), we see that 



ait) 



n'iait)) 
uiait))^ 



ait) 
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= -IM^ (3-108) 

Dividing by a(i), we obtain 

Hit) 'U- ^ = -\.J{a{t)). (3.109) 

Differentiating the definition (|3.103p of (j){t) and using definition in (j3.10ip of (j{t), we get tliat 

4>{t) = i^'{a{t))d{t) = ^^lJ'{a{t))uiait)). (3.110) 

Using msTim and (iSTlOD . and also tlie definitions (l3J02]l . (I3l^ and (|XT05D of a{t),Di{t) and 
p'{t),p'{t) respectively, the definition (I3.106P of F o (^ can be written 

This shows that (i) holds (That is, the definition of V{(j){t)) was designed to be such that (i) holds). 
To conclude the proof we must also show that (ii) holds. In the converse direction the hy- 
pothesis of the converse of Corollary 12.3.11 holds, applied with constants N,Ci, . . . , Cn and func- 
tions E{a), Fi{a), . . . , F]\f{a) as indicated in Table [3^21 Since a{t),7p{a),a{t) and (p{t) defined in 
()3.10ip , ()3.102p and (|3.103p are consistent with the converse implication of Corollary 12.3. H applied 
with e and A as in Table 13. 2( by this corollary and by definitions (I3.104P and (J3.105P of Di{t) 
and p'{t),p'{t) the scale factor equation (|2.109p holds for constants e,A,Ai,... ,An and functions 
G{t), Gi(t), . . . , Gj\f{t) according to Table [321 That is, we have regained (I3.107P which shows that 
the subtraction of equations (ii)-(i) holds in the converse direction. Now solving ()3.11ip for p'{t) 
and substituting this into (j3.107p . we obtain (ii). This proves the theorem. o 

3.2.1 Reduction to linear Schrodinger: pure scalar field 

To compute some exact solutions, we take special case p' = p' = Di = so that Theorem 13.2.11 
shows that solving the Einstein equations 



(i ^ o , , dk (i)'" K 

-H^{t) + ^ ' 



2 ' ' 2a(t)2 {d-l) 



Hit) + '-H{tf+^''-^^^ (^^" 



i<^(t)2 + y(,^(t)) 



A 

+ 73 TT (3-112) 



\^{tf - vm)) 



{d-l) 



A 

+ 



(3.113) 



{d-l) 



2 ^' 2a(t)2 {d-l) 

is equivalent to solving the linear Schrodinger equation 

u"{a) + [9^k - P{(7)]u{a) = (3.114) 

for any constant 6 > 0. The solutions of («)'", {ii)"' and (|3.114p are related by 

"^ = ^^7^7 ^^d ^'(a)2 = il^P(a) (3.115) 
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for (p(t) = ij){(T{t)) and 



a{t) 



1 



1a{t) 



-u{a{t)). 



Also in the converse direction, V is taken to be 

vm)) 



'^^'-^^^k-'f+ku^ 



2k 



02' 



'i(J,'\'i 



w^ii)' 



2^2 



A' 



^a{t). 



(3.116) 



(3.117) 



We now refer to Appendix E for solutions of the linear Schrodinger equation (13.114p . which we 
will map to solutions of Einstein's equations using the theorem. 



Example 17 For zero curvature k = and 6 = 1, we take solution 1 in Table lKll with oq = do = 
so that we have u{a) = boa + cq and P{a) = for Bq > and cq £ R. By (E.4 ) - /(E.6\) we obtain 
a{t) = e^o(*-*o) - fa and 



a{t) 



1 



i_g-6o(t-to) 



u{a{t)) bo 
for to G H. Since P = = Tp'{a-), the scalar field is constant 

V'(a) = ^Po£R. 



(3.118) 
(3.119) 



Finally, by \3.111 ) and (E.l) we obtain constant potential 

vm)) = 



2k k 



a{t) 



d{d - 1) ,2 A 



(3.120) 



Example 18 For zero curvature /c = and 9 = 1, we take solution 1 in Table lKl\ with oq > 
and do = so that we have u{a) = aocr^ + bocr + cq and P{cr) = 2ao/{aocr'^ + bocr + cq). By /(E.8\) - 



IIE. 1 Qp we obtain a{t) = -J— ( \J —t^ tan 



■-{t-to) 



and 



a{t) 



u{a{t)) 



4ao 2 
— rcos 

-A 



V^ 



{t - to) 



(3.121) 



for negative discriminant A = 6q — AqoCq < and to G R. Then by IIE.13\) with ao = {d — 1)/k, the 
scalar field is 



^{t) '!/• ^(ait)) 



2{d-l) 



In 



V^ 



ao 



tan 



+sec 



v^ 



{t - to) 



2 

+ /3o 



{t - to) 



(3.122) 



for /3o G E. Finally, by |lJJ7y , [EJl]) and [KlU) we obtain 



V{<Pit)) 



d{d-l) , 
2k ^ ' 

-A(d-l) 
2k 



1 


'<*')-!! 


oa{t) 


n" 


^^it-to) 


1 2 
--sec 



x/=A 



{t - to) 



A 

K 



(3.123) 
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Example 19 For positive curvature k = 1 and 9 = 1, we take solution 2 in Table \E.1\ with 
bo = l/\/2 and Oq > so that we have u{a) = oq cos^((t/-v/2), -P(o") = tan^(cr/-v/2) and E = 1. By 

( 'El4\ ) - [KT^) we obtain a{t) = V2Arctan (-^{t - to)) and 



a{t) 



^-i(' + T^'"'°0 



for to S K-- Then by IIE.19\) with oq = {d — 1)/k, the scalar field becomes 

m = 



{d-i) 



2k 



In 



'-{t-toY + i 



+ /3o 



for /3o e H. Finally, by \3.111\j , ^EA^ and (EA^) . we obtain 

(d - 1) / {2d - l)al{t - tof + 2dal ^ 



vm)) 



[2 + al{t-to?y 



A 

K 



That is, we have 



V{w) = Cie V (d-D- _ Cae V (<*-i)' 



for constants 



A 

K 
2„2 



c 



^ ^ (d-^KM-^K ^y^ft ^^ ^ (d-2)^^2y^/3o 



2k 



2k 



and 



w > y 2k ln{aQ/2) + /3o, since 

r^H = ^\/e^»(--*)-i + to. 



(3.124) 



(3.125) 



(3.126) 



(3.127) 



(3.128) 



(3.129) 



By taking d = 3 and to = 0, replacing oq with l/oo, and identifying k and /3q here with K^ and 
(j)Q in 126}/ respectively, we obtain the string-inspired solution II of 126^ . One can check that the 
conditions on the constants Ci , C2 in 126] (with d = 3) agree with the example here since 



2kCI 



{2d - IYC2 



and /3o 



{d-l)^^({2d-l)C2 



2k 



{d - l)Ci 



(3.130) 



For ao = 1 and to = 0, the solver was run with u, u' and a perturbed by .001. The graphs of a{t) 
below show that the solution is unstable. The absolute error grows by up to five orders of magnitude 
over the graphed time interval. 
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Figure 3.16: Instability of FRLW Example 19 




Example 20 For negative curvature k = —1 and 9 = 1 

Co = —1 and bo = so that we have u{a) = aoe~^ , P{a) = and E 

ro = 1 we obtain a{t) = In (ao(t — to)) o.'nd 



we take solution 4 ^^ Table \E.1\ with 
-1. By (KM) - ^EM> with 



ait) 



1 



u{a{t)) 



{t - to) 



(3.131) 



for to £ H. Since P = = tp'icr), we get ^(o") = Vo for constant ipo G IR. Finally, by {3.111^ , 
IJE. 31\) and liE.30\) . we obtain constant potential V{(l){t)) = —A/k. 

For oq = 1 and to = 0, the solver was run with u,u' and a perturbed by .001. The graphs of 
a{t) below show that the solution is unstable. The absolute error grows four orders of magnitude 
over the graphed time interval. 
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Figure 3.17: Instability of FRLW Example 20 




Example 21 For negative curvature k = —1 and 9 = 1, we take solution 4 in Table \E.1\ with 
Co = —1 and oq, ^q > so that we have u{a) = aQC'"^ — boe"^ , P{cr) = and E = —1. By IIE.I 
{E.34) we obtain (j{t) = In I ^^tanh{-\/ aQbQ{t — to)) ) CLnd 



a{t) 



1 



1 



u{(j{t)) 2^/0060 



sinh{2y/aobo{t - to)) 



(3.132) 



for to G R- Since P = = ip'{cr), we have that ip{cr) = ipQ for constant tpQ G R. Finally, by {3.111 ), 
JE. 35\) and {E.34), '^^ obtain constant potential 



vm)) 



^^^^ {{ur - n^) - - 

2d{d - 1) , A 
oooo 



a{t) 



(3.133) 



since 



coth'^{x) — csch'^{x) = 1. 



Example 22 For arbitrary curvature k and = 1, we take solution 5 in Table \El\ with cq = —1 
and b^ = k + 1 so that we have u{a) = (ao/cr)e~'^ '"^ , P{a) = a^ + 2/a^ + [k + I) and E = k for 
ao > 0. By [EJ^) - [E~38\) we obtain a{t) = y^21n(ao(t - to)) and 



a{t) 



\/2(t-to)\/ln(ao(t-to)) 



u{a{t)) 

for t > I/oq + to gR. Then by { E.41\ ) with ao = {d — 1)/k, the scalar field is 
m = i;{a{t)) 



(3.134) 



(d-l) 
2k 



2\r?{ao{t - to)) + {k + I) ln(ao(t - to)) + 1 
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+ In [2 ln(ao(t - to))] - In [2(1 + k) ln(ao(t - to)) + 4 



+ 4-^2 ln\ao{t - to)) + (1 + /c) ln(ao(t - to)) + 1 
(l + fc) 



^/2 



In 



2V2J2 ln2(ao(t - to)) + (1 + A;) ln(ao(t - to)) + 1 



-(l + A;)-41n(ao(t-to))])+/3o 
for /3o G E. Finally, by fOT^j, / TOg)) and [KM) , we obtain 



(3.135) 



vm)) 



{{u'f + ku^) 



d[ 1 + 



i(^(V'' 



/\2 



A' 

2 



a{t) 



(3.136) 



+ 



dk 



d{d-l) 
2k 

2K(t-to)2 \ "" \^^ ' 21n(ao(t-to))y ' 21n(ao(t - to)) 

[2 ln^(ao(t - to)) + 1 + (fc + 1) ln(ao(t - to))] \ _ A 
21n2(ao(t-to)) ) f^ 

For oq = k = 1 and to = 0, the solver was run with u,u' and a perturbed by .001. The graphs 
of a{t) below show that the solution is unstable. The absolute error grows up to four orders of 
magnitude over the graphed time interval. Since E — P{cr) is independent of k, the below graph is 
also applicable to A; = 0, — 1. 

Figure 3.18: Instability of FRLW Example 22 
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Example 23 For positive curvature k = 1 and 9 = 1, we take solution 5 in Table lKl\ with cq = 
and ao = bf) = 1 so that we have u{(j) = 1/a, P{(j) = 2/cj^ + 1 and E = 1. By ^Kj2) - {E.44) with 
ro = 1 we obtain a(t) = \/2{t — to) o.'^T'd 



ait) 



\/2(i - to) 



u{a{t)) 
for t > to G ^. Then by (Ejl) with uq = [d — 1)/k, we have 



(3.137) 



m 



(d-i) 



y^ + 7f 1" [2(* - *o)] - V2\n \y2 + 7^) 



+ /3o 



for g{t) = 2{t - to) + 2 and /3o € E. Finally, by i3.111\) , (Kj^ and (E44\ ), we get 



vm)) 



(d-l) ( {d-2) {d-l) 



+ 



Ak \2{t-toY it -to) 



A 



(3.138) 



For to = 0, the solver was run with u,u' and a perturbed by .01. The graphs of a{t) below show 
that the solution is unstable. The absolute error grows two orders of magnitude over the graphed 
time interval. 

Figure 3.19: Instability of FRLW Example 23 
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Example 24 For zero curvature k = and = 1, we take solution 5 in Table lKl] with bQ = cq = 
and qq = so that we have u{a) = l/cr, P{cr) = Ija^ and E = 0. By ^Kj2) - (E.44) with rg = 1 
we obtain a{t) = \/2{t — to) and 



ait) 



\/2(i - to) 



u{a{t)) 
for t > to G ^. Then by (Ejl) with uq = [d — 1)/k and bo = 0, we have 



(3.139) 



Ht) 



id -I) 
2k 



In [2(t - to)] + /3o 



for Po G IK- Finally, by jSAlTj) , (Kj^ and (E44\ ), we obtain 

{d-l)(d-2) A 



vm)) 



SKit-to)"^ k' 



(3.140) 



For to = 0, the solver was run with u,u' and a perturbed by .001. The graphs of a{t) below 
show that the solution is unstable. The absolute error grows up to three orders of magnitude over 
the graphed time interval. 

Figure 3.20: Instability of FRLW Example 24 
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Example 25 We take solution 7 in Table \E.1\ with cq = kO'^ and bo > and oq > so that we 
have u{a) = oq/g^^ P{a) = bo{bo + l)/a'^ + kO'^ and E = kO'^ . By fO^ - (EJ^) we obtain 



a{t) = (t - io)^/^^+^°^ (3.141) 

and 

a{t) = ^^^ = A{t - io)'°/('"'+^) (3.142) 

fort > to eM, and A '^= ^ fil±M^^ 1+ ^ ^^^^ ^^ ^^_^ ^,^^ ao = {d - 1)/k, the scalar 
field is 



m = A + ]l^-^-^ [Vhih + 1) + M2<T(()2 (3.143) 



/or o-(t) in ^3.141] ). Also by \3.111\) , \E.50\) and jE.Sl^ , we obtain potential 



A B-" / ((d-l)6o-l) fc((i-l)(l + 5o) \ 



^(^^^)) ^ -^ + ^(F3^l (1 + ^0) ^5o^^(t-t:)-va:M j (^-1^^) 

i?2/ taking d = 3, A = to = 0, 9 = ao(l + 60) and identifying 60/(^0 + 1) ^ere to^/i n in ITS^ . we 
obtain example 4-4 of Ellis and Madsen for < n < 1. Note that the above form of (p{t) is the 
integrated version of (p{t) in !13J . Since (t){t) in ^3.143\ ) and has the property that 



we are in agreement with J13f for the above choice of 6. Also note that there is a typo in equation 
(45) of ll3], where one should multiply V by 1/4 to obtain the correct V with a two appearing in 
the denominator instead of the numerator. In contrast to example 3 in this thesis, this example 
generalizes the Ellis and Madsen example for nonzero curvature. 

For ao = 60 = 1 o-i^d to = 0, the solver was run with u, u' and a perturbed by .001. The graphs 
of a[t) below show that the solution is unstable. The absolute error grows three orders of magnitude 
over the graphed time interval. Since E — P{cr) is independent of k, the below graph is applicable 
to all values of the curvature k = 1, 0, —1. 
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Figure 3.21: Instability of FRLW Example 25 




3.2.2 A nonlinear Schrodinger example 

Example 26 We consider equation 1^3.97^ with p = p = 0, M = k = 9 = 1, n = A and Di{a) = 

D > a constant. For solution 3 in Table lKl\ with qq = v/ 2k_d "O' ^o = 1 — 26q and 6o > 
chosen such that cq > 0, we have u{a) = aotanh{boa) and P{cr) = cq. By ^E. 2S\) - ( E.24 ) we obtain 
a{t) = ^Arcsinh (e"o''o(t-to)) and 



a{t) 



-y/l _j_ e2a()6o(t-to) 



u{a{t)) aoe'^obo{t-to) 



for to £ M,. Then by IE.21 ) with ao = {d — I)/ k, we get 

bo^yK V / 

for /3o G E. Finally, by i3.106\) and iE.25\) we obtain 



(3.146) 



(3.147) 



vm)) 



— ^ — {[U) +U } --U {ip) 



A' 



Du"-- 

K 



aUd-l) 



2k(1 -|-e2«o^o(t-to))5 

+ (d - 1 + 26§) e^'^o^o (*-*") + dbl 



oa{t). 
(((i-l)(l-6g) + 6g)e^''o''o(*-*°) 



A 



(3.148) 



For oq = 1,6o = 1/2 and to = 0, the solver was run with u,u' and a perturbed by .001. The 
graphs of a{t) below show that the solution is unstable. The absolute error grows two orders of 
magnitude over the graphed time interval. 
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Figure 3.22: Instability of FRLW Example 26 




3.3 In terms of an Alternate Schrodinger-Type Equation 

G{t) _ KnjDjjt) 



Theorem 3.3.1 (Apply CoroHarv \2.3.1\ with j^yx — d(d-i)a(t)'"-3 
Suppose you are given a twice differentiable function a{t) > 0, a once differentiable function 4>{t), 
and also functions Di{t), p'{t),p'(t),V{x) which satisfy the Einstein equations {i),{ii) in ^3.5\) for 
some k,ni, . . . , nj\/, A G R, d G 1R.\{0, 1}, k G ]R.\{0} and M G ¥i. Let g{a) denote the inverse of a 
function a{t) which satisfies 

a{t) = ^a(t)~"^/2 (3149) 



for some 9 > and where j is some index for which Uj ^ 0. Then the functions 



u{a) 
P(a) 



aigicf)) 



'nj/2 



n^K 



'J „/,'('^^2 



2{d-l] 



i^'iay 



(3.150) 
(3.151) 



solve the Schrodinger-type equation 
' -9^n^,K 



u"(a) + 



u{a) 



-e^mk 



'i^+E 



^njnj«;Dj((T) 



1-2- 



2u{a) "J l<^<M 2d{d - l)u{a) "^ 



+ 



^■K(p(cr)+p(CT)) 
2{d-l)u{a) 



for 



and 



^{a) = 4>{g{cj)) 
T>i{a)=D,{g{a)), l<i<M 

^{a)=p'{g{a)l p(a) = ^'(^(a)). 



(3.152) 

(3.153) 
(3.154) 

(3.155) 
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Conversely, suppose you are given a twice differentiahle function u{a) > 0, and also functions 
P{a),Di{a) for 1 < i < M,M G INf and p{a),p{a) which solve ^3.152\} for some constants 6 > 
0, fc G IR, K G IR\{0}, d G E-MO, 1} and n^ G IR for 1 < i < M . In order to construct functions which 
solve {i),{ii), first find a{t),il}{a) which solve the differential equations 



Ht) = ^u{a{t)) 



and 



ij'iaf 



2{d-l) 



P{a). 



(3.156) 



Then the functions 



a{t) 

m 



u{a{t))-^/''^ 
^{a{t)) 



D,{t) = Biia{t)),l<i<M, 
p'{t) = piait)),p\t)=p{a{t)) 



and 
y(0(t)) 
















'd{d-l) 
2k 


( ^ k \ 


-,]yi^'r 


M 

Z^ y^-2ni/nj 
1=1 


-P- 


a" 

K 




[nje^^'"' ' n-4/n.yl 



satisfy the equations {i),{ii). 



(3.157) 
(3.158) 

(3.159) 
(3.160) 



a{t) (3.161) 



Proof. This proof will implement Corollary 12.3.11 with constants and functions as indicated in the 
following table. 



Table 3.3: Corollary EXU apphed to FRLW, alternate 



In Corollary 



substitute 



In Corollary 



substitute 



e 
G{t) 

G^it),l<i<M,i^j 

Gj{t) 

Gm+1 (t) 

F^{a),l<i<M,i^j 

F,{a) 

Fm+i{(t) 



K/{d-l) 

d{d-l)^3V'l 



-njK 



k 



^{p'{t)+p'it)) 



"£!i^n(a) 



2d{d-l) 

-e^njk/2 

a2 



^{P{c7)+p{a)) 



E{a) 
A 

A, 



a 



i+j 



c. 



Cm- 



~2d{d-l)^3\^) 

some rij ^ 

2 




1 _ 0"i 

1-A 
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To prove the forward implication, we assume to be given functions which solve the Einstein 
field equations (i) and {ii) from (13. Sp . Subtracting equations (ii) — {i), we see that 



H{t) 



a(t)2 (d-l) 



i=l 



(3.162) 



This shows that a(t),(f){t),Di(t), p'{t) and p'{t) satisfy the hypothesis of Corollarv 12.3. H applied 
with constants £,N,A,Ai . . . , An and functions G{t), Gi{t) . . . , GAr(t) according to Table [3^ Since 
a{t),u{a),P{a) and ip{a) defined in (|3.149l) . (|3.150p . (|3.15ip and (|3.153l) are equivalent to that in 
the forward implication of Corollary 12.3.11 by this theorem and by definitions ()3.154p and ()3.155p 
of Dj(o") and p{a),p{a), the Schrodinger-type equation (j2.110p holds for constants Ci, . . . , Cat and 
functions Fi{a), . . . ,F]\[{a) as indicated in Table [331 This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the Schrodinger- 
type equation (I3.152P and we begin by showing that (i) is satisfied. By differentiating the definition 
p.l57p of a(t) and using the definition of a{t) in (|3.156p . we obtain 

d(t) = -—u{a{t)y^^''^-\'{a{t))&{t) 

^ 'u(a(t))-2/".n'(a(t)). (3.163) 



Hj 



Dividing by a(t), we have that 



Hit)''J-^ = -^u'iait)). (3.164) 

a{t) rijd 



Differentiating the definition (J3.158P of (f)(t) and using definition in (J3.156P of o"(i), we have 

m = ^'{<y{t))^{t) = \^'{a{t))u{a{t)). (3.165) 

Using (I31MD and (I3J65]) . and also the definitions (l3T57]l . (I3l39]) and (|3J60D of a(t),Di{t) and 
p'{t),p'{t), the definition (I3.16ip ol V o (j) can be written as 

Vim = ^ (^Hitf + ^) - l^tf - E iS - /(') - V, (^^'^«) 

This shows that (i) holds (that is, the definition of V{(p{t)) was designed to be such that (i) holds). 
To conclude the proof we must also show that (ii) holds. In the converse direction the hy- 
pothesis of the converse of Corollary 12.3.11 holds, applied with constants N,Ci, . . . , Cn and func- 
tions E{a), Fi{a), . . . , F]\f{a) as indicated in Table [331 Since a{t),7p{a),a{t) and (j){t) defined in 
(J3.156P , (|3.157p and (|3.158p are consistent with the converse implication of Corollary 12.3. H applied 
with e and A as in Table 13.31 by this corollary and by definitions (13.159P and (I3.160p of Di (t) 
and p'{t),p'{t) the scale factor equation ()2.109p holds for constants e,A,Ai,... ,Aj\f and functions 
G{t), Gi(t), . . . , G'Af(t) according to Table [331 That is, we have regained (I3.162P which shows that 
the subtraction of equations (ii)-(i) holds in the converse direction. Now solving (|3.166p for p'{t) 
and substituting this into (|3.162p . we obtain (ii). This proves the theorem. o 
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3.3.1 Reduction to linear Schrodinger: zero curvature 



To compute some examples, we take k = and p' = p' = Di = for all i ^ j and also rij = n, 
Dj = D > so that Theorem 13.3.11 shows that solving the Einstein equations 



^H\t) ^t 



(d-l) 



>^+mt)) + ^ 



+ 



A 



(d-l) 



(3.167) 



H{t) + ^H{tf 



(n)" 



(d-l) 

is equivalent to solving the linear Schrodinger equation 



>)^-<*»-^ 



+ 



A 



(d-l) 



u(a + 



P{a) 



u[a 







2d{d-l) 
for any constant 9 > 0. The solutions of (i)"" , (ii)"" and (j3.168p are related by 



a{t) 



^{a{t)r/r. 



and ip (a) 



2{d-l] 



nn 



P{a) 



for (/)(t) = il){a{t)) and 



a{t) 



1 



Also in the converse direction, V is taken to be 

,M2 



-u{a{t)). 



vm)) 






K 



a{t). 



(3.168) 
(3.169) 

(3.170) 



We now refer to Appendix E for solutions of the linear Schrodinger equation (j3.168p . We will 



map these solutions to exact solutions of Einstein's equations. Since E 
consider entries in Table lETJ for which E <0. 






< 0, we only 



Example 27 For 9 = 1 and choice of constant D = — -^ ; we take solution 4 in Table lKl\ with 
Co = —1 and bQ = so that we have u{a) = a^e'" , P{(t) = and E = —1. By jE. 28\) - IIE. 30\) with 
rQ = 1 we obtain a{t) = In (ao(t — to)) o,nd 



ait) 



1 



(a(t))2/^ 



U 



{t - to) 



2/n 



(3.171) 



for to E R. Since P = = ip'{(j), the scalar field is constant ip{a) = ipo ^ M,. Finally, by |g. 1 70 ), 
JE. 31]} and iE.3(J\} . we obtain constant potential 



vm)) 



2d{d-l)iu' 



'\2 



n^K 



2d{d-l) 2 A' 
5 u 



<t) 



A 

K 



(3.172) 



For ao = l,n = 3 and to = 0, the solver was run with u,u' and a perturbed by .001. The 
graphs of a{t) below show that the solution is unstable. The absolute error grows at least two orders 
of magnitude over the graphed time interval. Since u is independent of n, a{t) is unstable for all 
values ofn. 
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Figure 3.23: Instability of FRLW Example 27 




2d{d-l) 



Example 28 For 9 = 1 and choice of constant D = ^"''" ''' , we take solution 4 in Table lKl\ with 
Co = —1 and oq, ^q > so that we have u[a) = aQe~'^ — boe"^ , P{cr) = and E = —1. By [W. 
(E.34-) we obtain (j{t) = In I ^^tanh{-\/ aQbQ{t — to)) I CLnd 



a{t) 



sm/i2/"(2AAiA)(i - to)) 



u(a(t))2/« (2V^^)2/« 
for to G IR-- Since P = = ip'{cr), the scalar field is constant 

Finally, by 13.170\) , ^E. g5]) and (E.34^ , we obtain constant potential 

'2d{d-l){u'y 2d{d-l) 2 A' 



(3.173) 



(3.174) 



vm)) 



since coth'^{x) — csch^{x) = 1. 



n^K 



n^K 



-u 



<t) 



8d{d - l)aobo A 



(3.175) 



Example 29 For 9 = 1 and choice of constant D = 2d{d — l)lr?K, we take solution 5 in Table 
\E.1\ with Co = —1 and bo = so that we have u{a) = {aQ/a)e^^ '^, P{ct) = a'^ + 2ja^ and E = —1 
for ao > 0. By (KM) - (KM) we obtain a(t) = y^2ln{ao(t - to)) and 

1 



a{t) 



u{a{t))y^ 



\/2(t-to)Vln(ao(t-to)) 



2/n 
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= (2(t-to)'ln(ao(t-to)))'^" 
for t > to- Then by IjE.^l ) with qq = 2[d — l)/nK, we obtain scalar field 
m = i,{a{t)) 



(3.176) 



{d-1) 



UK 



21n2(ao(t - to)) + 1 + In [21n(ao(t - to))] 



In 



4 + 4V21n^(ao(t-to)) + l 



+ /3o 



(3.177) 



for /3o G E. Finally, by \3.in\) , [K^) and [EM) , we have that 



vm)) 



2d{d-l)^,^2 1 
2 



n'^K 



{u'f - ^-u\^'f 



Du^ 



A' 



a(t) 



(d-1) 



2nK;(t-to)2ln2(ao(t-to)) 
(-21n2(ao(t-to))-l 
d 



+- 



n 



((21n(ao(t - to)) + 1)^ - 21n(ao(t - to)) 



A 

K 



(3.178) 



For aQ = 1, n = 3 and to = 0, the solver was run with u, u' and a perturbed by .001. The graphs 
of a[t) below show that the solution is unstable. The absolute error grows three orders of magnitude 
over the graphed time interval. Since u is independent of n, a{t) is unstable for all values of n. 

Figure 3.24: Instability of FRLW Example 29 
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Example 30 For C = -^uFi) o.i^d = 1, we take solution 6 in Table \El\ with cq = 26g — C so 

that we have u{a) = — aocosh {b^a), P{(t) = 26Qtanh {bQa) + cq = 26Qtanh {bQa) + 26q — C and 
E = -C. By (Kj^ - (EJ^) we obtain a{t) = ^Arctanh {aobo{t - to)) and 



a{t) 



1 



1 



-{at>bt,{t-tor-r 



n(a(t))2/" \ao 
for to G E^- Then by \E. 53\) with oq = 2{d — l)/nK, the scalar field is 
m = ^l,{a{t)) 



2/n 



(3.179) 



A{d-l) 



In 



UK 



2 U2blal{t - toy + 2bl-C- V2blao{t - to) 

+^.f^^^^J^^Arctanh [^^So^t^iEL' 
^oV UK V \^^2by,{t-to)'' + 2bl-C 

for Po € E. Finally, by (3JJ^, (EJ^ and [E5l\} . we have that 



+ /3o 



vm)) 



2d{d-l){u 



/\2 



1 



Kn^ 



u\^'f-Du^ 



A' 

K 



ait). 



al{d - 1) [{Ad - n)2albl{t - to)^ - 2nbl + C{n - 2d)] A 

K 



(3.180) 



Kn2(a262(t_to)2_i)2 

One can compare this to the solutions in '2,?] and in section 5 of 'J_0. 

3.3.2 A nonlinear Schrodinger example 

Example 31 For Dj = p = p = and Dj = for all i, we take Uj = 4,9 = 1 and positive 
curvature k = 1. We use solution 2 in Table lEl] with oq = l/6o and bo > so that we have u{a) = 
72- cos^(6oO"). Using the second potential for solution 2 in the table, we have P{cr) = 46q tan^(6oO') 

an 



d Fi = -2. By IeT^ - IETR) we have a{t) = ^^Arctan (^{t - to)) and 
for t > to €i M,. Then by \E. 21\) with ao = (d — 1)/2k, we obtain scalar field 

m = 



(d-i) 



2k 



ln(l + -2(t-to)2 



/)2 



/3o 



(3.181) 



(3.182) 



for j3o G IR.. Finally, by h3.161\) . (EM and {ET^ we obtain 

vm)) = 



d{d-l) (I, „2^ 



1 2n'\2 ^ 
-u {^) - - 

2 K 



oa{t) 



(d-l) (dbl + 2{d-l){t-tof 



2k 



bl + {t- to)^)2 
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A 

K 



Composing V{(f){t)) with the inverse 



(p-\w) = 5o'\/e\/2«/{'^-i){«'-/3o) -i + to 
for w > f^Q, we obtain the potential 

for constants 



C 



-^ ^ (^^i2)^g^/2;7(d=Ty;3o 



k62 



and Co 



{d-l)id-2) oj2./(d-l)0o 



2Kbl 



(3.183) 



(3.184) 



(3.185) 



(3.186) 



By taking (i = 3, to = 0, and identifying oq, k and (3q here with bo, K^ and <pQ respectively in the Ozer 
and Taha paper, we obtain the string-inspired solution I of l2^ . One can check that the conditions 
on the constants Ci , C2 in JW^ (with d = 3) agree with the example here since we have 



2{d-lfC2 
{d - 2)kCI 



and Pq 



(d-l)^ (2{d-l)C2 
In ' 



2k 



{d - 2)Ci 



(3.187) 



For 60 = 1 and to = 0, the solver was run with u,u' and a perturbed by .001. The graphs of 
a{t) below show that the solution is unstable. The absolute error grows by three orders of magnitude 
over the graphed time interval. 

Figure 3.25: Instability of FRLW Example 31 
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Chapter 4 

Reformulations of a Bianchi I model 



For the homogeneous, anisotropic Bianchi I metric 



ds^ = -dt^ + Xl{t)dxi + ■■■+ Xj{t)dxi 



in a d+ 1-dimensional spacetime for d ^ 0,1, the nonzero Einstein equations g^-'Gij 
are 



Kk 



1 



+ Vocl) + p 



+ A 



(4.1) 



(4.2) 



E 

¥1 



{Hi + Hf) + Y^ HiHk 



ih) 



Kk 

l,kf!=l 



1 :^ 



V o (p + p 



+ A 



Y,{Hi + Hf)+Y,HiHk 



ih) 



i^i 



Kk 

l,k^i 



1 - 



V o 4> + p 



+ A 



Y^{Hi + Hf)+ Y^HiHk 

l^d Kk 

l,k^d 



{Id) 



1 -.' 



V o (j) +p 



+ A 



def. 



where Hi{t) = ai/ai and i,l,k G {1, . . . , d}. 



4.1 In terms of a Generalized EMP 

Theorem 4.1.1 Suppose you are given twice differentiable functions Xi{t), . . . ,Xd{t) > 0, a once 
differentiahle function (t){t), and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(Io),...,(/d) in [j:m for some A £ K,, d £ ]N\{0, 1}, k G E\{0}. Denote 



def. 



R{t)''u-{x^{t)---x,{t)y 



(4.3) 
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for some z/ 7^ 0. If /(t) is the inverse of a function T{t) which satisfies 

fit) = 9R{ty (4.4) 

for some constants > and q ^ 0, then 

Y{r) = R{f{T)y and Q{r) = ^^f{rf (4.5) 

solve the generalized EMP equation 

Y"(r) + Q{T)Y{r) = -'^^^d^D qvd^^ieJT) + pjr)) 

i^i + ^l^J^l-^J 02(rf_l)y(^){2+g.)M e^{d-l)Y{T) ^^■^> 

for 

ip{T) = 0(/(r)) (4.7) 

g{T)=pif{T)), piT)=pifiT)) (4.8) 

and where 



D 

2dK 



x!xI..Xj(y,^)i (4.9) 

\l<k / 



is a constant for 



r]ik'^= Hi-Hk, l^k,l, ke{l,...,d}. (4.10) 

Conversely, suppose you are given a twice differentiable function Y(t) > 0, a continuous 
function Q{t), and also functions q{t),'p[t) which solve ( [^.6| j for some constants > and 
g, z^, K G IR\{0}, /c, D G R, d E 1N\{0, 1}. In order to construct functions which solve (Iq), . . . , (Id)? 
first find T(t),(/?(r) which solve the differential equations 

f(t) = 9Y{T{t)) and cp'{rf = ^^^Q{t). (4.11) 

Next find a function a{t) such that 

and let 

R{t) = Y{T{t)f''i aKt)''=qa(t), /e{l,...,d} (4.13) 

where ci are any constants for which both 

d 

E 

1=1 
Then the functions 



and 

vm)) 

satisfy the Einstein equations (Iq), . . . , (Id)- 



Q = and Y^ cick = -O^/^^Dk. 




(4.14) 


Kk 




Xi{t) = i?(t)^/'^'^e"'(*) 


(4.15) 


Ct>{t) = ip{T{t)) 


(4.16) 


p{t) = g{T{t)), p{t)=p{T{t)) 


(4.17) 


\(d-l)e^.y., D B\, , A1 


OT(t) 


(4.18) 
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Proof. This proof will implement Theorem 12.1.11 with constants and functions as indicated in the 
following table. 



Table 4.1: Theorem 1 2 . 1 . 1 1 applied to Bianchi I 



In Theorem 



a{t) 
5 

Goit) 

Gi{t) 

Ao(t) 

Ai(r) 



substitute 



In Theorem 



R{t) 


constant — 2vdKD / [d — 1) 

^){p{t)+p{t)) 

constant —2qvdK,D/6'^{d— 1) 



§^(P(T)+P(r)) 



e^ 



N 
e 

Ai 
Bo 
Bi 



substitute 



1 

vdK/{d — 1) 

2/v 



(2 + qu)/qu 

1 



To prove the forward implication, we assume to be given functions which solve the Einstein field 

d 



equations (/q), • • • , [Id)- Forming the linear combination (i(/o) — Z_^{^i) of Einstein's equations, we 
obtain 



4 = 1 



dY^HiHk - Y, Y.^^1 + Hf) -Y.Y1 ^i^>^ = ^'^ \^^ + ip+p) 



Kk 



i=l l=/=i 



i=l Kk 
l,k=/=i 



(4.19) 



where l,k G {1, . . . ,d}. The second double sum on the left-hand side of ()4.19p contains the quantity 
{Hi + Hf) (d — l)-times for any fixed /, and the third double sum contains the quantity HiHj. 
(d — 2)-times for any fixed I, k pair with I < k so that we have 

d 



d^HiHk -id-1) Y,{Hi + Hf) -{d-2)Y, HiHk = dn 4>'' + {p + p) 



(4.20) 



l<k 1=1 l<k 

Collecting the first and third sums gives the equation 

d 



2Y,HiHk - {d-l)Y,{Hi + Hf) = dK ^^ + (p + p) 



(4.21) 



l<k 1=1 

Using the definition ()4.3|) of R{t), we define 



\u-l 



def R ^ ^-^^ ' ' ' ^<^^ \^1^2- ■ -^d^ + -'^l-''^2 ■ ■ -^d 



Differentiating Hn shows that 



{Xi---XdY 



Hr = uY,Hi 
1=1 



1=1 



(4.22) 



(4.23) 



63 



therefore (j4.2ip can be written as 



2^HiHk - (d - 1) -Hh + Y,Hf 

Kk \ 1=1 



dK 



<p'^ + iP + P) 



Multiplying this by txttt ^^^ rearranging, we find that 



Hn + j^Aid-l)Y.H!-2j: 



H,H, 



iJ^k 



—vdK 



+ {p + p) 



1=1 Kk 

Using the definition (j4.1Up of the quantities rjik , we have that 

l<k l<k 

The first and last terms on the right-hand side of (|4.26|) sum to 

d-l d d k-l 



Kk 



1=1 k=l+l k=2 1=1 

d-l d 

Y^{d - i)Hf +Y,{k - ml 

1=1 k=2 

d-l d-l 

{d - i)Hi + Y,{d - j)Hf + Y,ij - m] + {d- ml 

3=2 j=2 

{d-l)JZHl 



therefore (|4.26p becomes 

d 

Y,rik = {d-l)Y,Hf-2Y,HiHk 

Kk 1=1 Kk 

Using this to rewrite (|4.25p . we obtain 

—udK 



Hr + 



' Kk 



{d-l) 



Vfk 



(d-l) 



r + {p + p) 



(4.24) 



(4.25) 



(4.26) 



(4.27) 



(4.28) 



(4.29) 



Next we will confirm that Z? is a constant. Since the right-hand sides of Einstein equations (Ij) 
are the same for all i £{!,.. . ,d}, by equating the left-hand sides of any two equations (Jj) and 
(Ij) for i / j, we get that 



Y,iHi + Hf) + Y, HiHk = YiHi + Hf) + ^ HiHu 



(4.30) 



Kk 

l,k=/=i 



Kk 



where we recall that the sum indices /, A: G {1, . . . , d}. For the first sum on each side of (|4.30p . the 
left and the right-hand sides of (j4.30p contain all the same terms, except for the j^^ indexed terin 
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which appears on the left, and the i*'* indexed term which appears on the right. Therefore many 
terms cancel and we are left with 



4- + Hj + Yl ^^^k = Hi + Hf+Y^ HiHk. (4.31) 



Kk Kk 



For the second (double) sum on each side of (j4.30p . the left and right-hand sides of (|4.3ip contain 
all the same terms, except for the terms where either l,k = j which appear on the left, and the 
terms where either l,k = i which appear on the right. Therefore many terms cancel and by adding 
HjHi to both sides we obtain 

Hj + H] + Hj Y,Hi = Hi + H^ + H,Y,Hu (4.32) 

or equivalently 

i^ij + -^]^jHR = (4.33) 

where we have used the expression (j4.22p for Hr, the definition ()4.10p of rjij, and as usual dot 
denotes differentiation with respect to t. By Lemma lA.ll with // = l/i^ ^ (which applies since 
R{t) is positive and differentiable), (|4.33p shows that the function / = rjijR^'^ = r]ijXiX2 ■ ■ ■ X^ 
is constant for any pair i,j (for the pair i = j, f is clearly a constant function, namely zero). 
Therefore the definition (14. 9p of D is also constant, being proportional to a sum of squares of these 
constant functions. By the definitions ()4.9p and ()4.3p of the constant D and the function R{t), we 
now rewrite ()4.29p as 



—udK 



:2 2D , 



(.-i)r ' R^i^'--'v ^'-''^ 

This shows that R{t),(j){t), p{t) and p{t) satisfy the hypothesis of Theorem I2.1.H applied with 
constants e,e,N, Aq, . . . ,Aiy and functions a{t),Go{t), . . . jG^it) according to Table l4?n Since 
T(t),Y(T),Q{T) and 9j(t) defined in ()4.4p . (j4.5p and (14. 7[) are equivalent to that in the forward 
implication of Theorem l2.1.1l by this theorem and by definition (j4.8p of q{t),p{t), the generalized 
EMP equation (12. 2p holds for constants Bq, . . . , B]\f and functions Ao(t), . . . , AAr(r) as indicated in 
Table ITTl This proves the forward implication. 

Note that equation (14.34p with z/ = 1/d is the same as the FRLW analogue equation ()3.18p 
with M = 1, ni = 2d, k = and by identifying R{t) here with a{t) in the FRLW model. One can 
compare this observation with J. Lidsey's results on the 3 + 1-dimensional Bianchi I model in |22j. 

To prove the converse implication, we assume to be given functions which solve the generalized 
EMP equation (j4.6p and we begin by showing that (Iq) is satisfied. Differentiating the definition 
of R{t) in (I4.13|) and using the definition in (14. lip of T{t), we have 

m = ^r(r(t))|-V(r(t))f(i) 

= ^y(r(t))V«r(r(t)). (4.35) 



so that 



Hdt) ''J- II = V'(r(t)). (4.36) 

R{t) q 
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Differentiating tlie definition (j4.16p of (/)(t) and using the definition ()4.1ip of T(t) gives 

<P{t) = v'{T{t))f{t) = 9^'{T{t))Y{T{t)). (4.37) 

Using (I4.36|) and (I4.37p . and also tlie definitions ()4.13p and ()4.17p of R{t) and p{t) respectively, the 
definition (|4.18p of ^ o <;;!) can be written as 

1 f(d-l) y Dk\ 1 -^ A , , 

The quantity in parenthesis here is in fact equal to the left-hand-side of equation (/q). To see this, 
we differentiate the definition (j4.15p of Xi (t) , divide the result by Xi and use the definition (|4.36p 
of Hfi to obtain 

^^ - Yr 1^^^^^^ " ^^^^"^ ^^-^^^ 

so that 

^HiHk = Y^ I^^Hl + —{ai + ak)HR + aiak] ■ (4.40) 

Kk l<k ^ '' 

The first term on the right-hand side of (|4.40p does not depend on the indices I, k, and is therefore 
equal to ■^^H'j^ times the quantity 

d k—1 d d—1 ,,, ^^ 

Kk k=2 1=1 k=2 j=l 

The second term on the right-hand side of (j4.40p sums to zero since 

d-l d d k-1 

^(Q^-Fdfc) = ^ ^ ai+^^oik 

Kk 1=1 k=l+l k=2 1=1 

d-1 d 

= ^{d - l)ai + ^{k - l)ak 

1=1 k=2 

d-1 

= [d- l)di + ^(d - j + 3 - 1)6lj + {d- l)drf 
i=2 

d 
= (d-l)^d; 
1=1 

d 
= {d-l)a{t)Y,ci 

1=1 
= (4.42) 

where on the last lines, we have used the definition (|4.13p of a/(t) and the condition (j4.14p on 
the constants q. For the third term on the right-hand side of (j4.40p . we use the definitions of 
ai{t),a{t),T{t) and R{t) in (fiT3D . (HT^ and KW\ to write 

■ 2 '^I'^k QCfc QCfc 
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Therefore (j4.40p becomes 



/ ,HiHk 



id -I) 



HUE 



ClCk 



Q2lqv^2lv ■ 



(4.44) 



l<k l<k 

Then by the condition (|4.14p on the constants q, (j4.44p becomes 



7 ^ HiHk 

Kk 



id -I) 



Hi 



Dk 



2iy^d ^ RV'^ 
That is, the expression ()4.38p for V can now be written as 



A 



Kk 



P , 



(4.45) 



(4.46) 



showing that (/q) holds under the assumptions of the converse imphcation. 

To conclude the proof we must also show that the equations (/i), . . . , {Id) hold. In the con- 
verse direction the hypothesis of the converse of Theorem 12.1.11 holds, applied with constants 
N, Bq, . . . , B]\f and functions Ao(t), . . . , AAr(r) as indicated in Table l4Tl Since T{t),ip{T),R{t) 
and (j){t) defined in (j4.1ip . (|4.13p and (j4.16p are consistent with the converse implication of The- 
orem 12.1.1^ applied with a{t)^8 and e as in Table 14.11 by this theorem and by the definition 
(I4.17P of p{t),p(t) the scale factor equation (12. 1|) holds for constants 5,e,AQ,... ,Aj\f and functions 
Go{t),. . . ,G]\[it) according to Table im That is, we have regained ()4.34p . Now solving ()4.38p for 
p{t) and substituting this into (I4.34|) . we obtain 



Hr 

■d 

jd-l) 
ud 



-udK 



1 



V' 



D 



{d-l) [2^ ^ i?2A 

Multiplying by ^^^;^ and rearranging, we get that 



+ P + 



id -1) ^2 _ A' 



Hr + 



id -I) 

2l/2(i 



Hji + 



kD 



V o (f) + p 



+ A 



(4.47) 



(4.48) 



The left-hand side of this equation is in fact equal to the left-hand-side of (Ij) for any i S {1, . . . , d}. 
To see this, first recall (|4.39p and write 



Hi + Hf = —^Hr + -^^Hl + ai + —,aiHR + af, 



1 
ud 



/2d2' 



2 

ud 



therefore for any fixed i 



Y^iHi + Hf) = Y, (J^Hr + -^Hl + ai + ^aiHR + af) . 



(4.49) 



(4.50) 



Since the first two terms on the right-hand side of (I4.50p do not depend on the indices /, /c, and also 
using the definitions (j4.13p and (j4.14p of ai and the constants q to write ^^ d; = =^ ^i^i ^i — 
—Oi, (14.50p becomes 



E(^^ + Hf) = ^^Hr + ^-^Hl - ^^HRa. + 5: (d. + af) . 



(4.51) 
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By the definitions (|i33D . (|il^ and (lilTTl of ai{t),a{t),T{t) and R{t), we see that 



is a constant. (4.52) 



^^ R{tfl^ 



?iMy(r(t))iM 



By Lemma lA. II with jjl = 1/v 7^ 0, equation (j4.52p shows that 

ai + ^aiHR = (4.53) 

for all/ G {1, . . . , d}. Therefore in total, we have that (I4.50p is 

To form the rest of the left-hand side of (/j), again use (|4.39p to obtain 

HiHk = ^ri^H\ + —-{ai + ak)HR + aiak. (4.55) 

Therefore for any fixed i, we have 

^HiHk= Y^ i-j^Hl + —{ai + ak)HR + aiaky 



(4.56) 

H 

As we saw in (|4.4ip . 'Y^i^k ^ ~ ~2 — therefore the first term on the right-side of ()4.56p . which does 



Kk Kk 



not depend on the indices /, k, is equal to -^^^Hj^ times 



V- V- v^ d{d-l) ,, , (d-l)(d-2) 

E 1 = E 1 - E 1 = -^^ -id-l) = ^ -■ (4.57) 



Kk l<k l^i 

l,kf^i 

As we saw in (j4.42p . Yli<ki'^i + '^k) = therefore the second term on the right-hand side of (j4.56p 
sums to -[j^Hr times the quantity 

^(d/+Qfc) = ^(a« + dfc) -^(d/ +di) 

Kk l<k l^i 

l,k^i 

= -^d; - (d- l)di 

= ai- (d- l)di 

= (2 - d)a^ (4.58) 
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where we have used the definitions (j4.13p and ()4.14p of ai and the constants q to write Xl/j^i '^i 
—cti. Considering the third term on the right-hand side of (14.560 . we have that 

Kk l<k Ij^i 

l<k \lf^i 

= ^ aidk + 2 ^ QCfc + ^ cf 

l<k Kk lJ=i 

l,k^i 

= - XI "'"'^ ~ X] ^^ 

l<k l^ti 

l<k l^i 

where again we have used that YliJ^i ^i — ~<^ii aiid on the last hue we recall (|4.43p . So by (|4.57p . 
(|I35|) and (I13SD, in total (H3U|) becomes 



y H,H, = ^^"Tr ^^i + ^-^^^Hn - y '''\, - y cl (4.60) 

l,k=^i 

Summing (j4.54p and (I4.60J) . the left-hand side of any (/j) Einstein equation is 

Z^^j Kk l<k 

l,k^i 

Then by the condition ()4.14p on the constants q, (j4.62p becomes 

Y^iH, + H})+J: H.H, = ^l^H, + 'Ji^Hl + §,. (4.62) 

Z^^i Kk 

l,kf!=i 

Therefore by ()4.48p and (I4.62p . we obtain (/j) for all i G {1, . . . , d}. This proves the theorem. o 
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4.1.1 Reduction to classical EMP: pure scalar field 

To compute some exact solutions to Einstein's equations for the Bianchi I metric, we take p = p = 
and choose parameter v = 1/q in Theorem l4.1.1[ Therefore solving the Bianchi I Einstein equations 



(^o)' 



E^^^^ = '^ 



Kk 



ld)^ + Vo, 



+ A 



^{Hi + Hf)+Y,HiH, 



{liY 



i^i 



Kk 



1 -.' 



V o, 



+ A 



for l,k,i £ {1, ... ,d} is equivalent to solving the classical EMP equation 

Y"{r) + Q{r)Yir) "^'^^^ 



^2(ci-l)y(r)3 
for constants 9, D > 0. The solutions of (/q)', (-^i)', • • • , (Id)' and (|4.64p are related by 



R{t) = Y{T{t)y/'i and (^'(r)^ 

for q + 0, </.(*) = ^(T[t)),R{t) =^- {X^{t)- ■ ■ X^it))'!'^ and 

f(t) = QR{tf = eY{T{t)) 
for any ^ > 0. Also the quantity 

def. 1 „2 



dK 



-Q{t) 



is constant for 



D 



def. 



2dK 



\l<k / 



mk = Hi-Hk, ly^kj, k (E {!,..., d}. 
In the converse direction we have 



Xi{t) = R{ty/'^e''^ 



(t) 



def. 

for ai{t) =' cia{t) where a{t) satisfies 

and ci are any constants for which both 

d 



a{t) = 1/f (t) 



1=1 
Also V is taken to be defined as 

v{m) 



and 



Y^ciCk = -9'"'^^D^ 



Kk 






Tit). 



(4.63) 



(4.64) 

(4.65) 
(4.66) 

(4.67) 

(4.68) 
(4.69) 

(4.70) 
(4.71) 



(4.72) 
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We now refer to Appendix D for solutions of the classical EMP equation (j3.24p . which we will 
map to a solution of the Bianchi I Einstein equations. By comparing (I4.66P and (ID.5|) . we note to 
only consider solutions of (|D.5P in Appendix D corresponding to rg = 1. Also by comparing (j4.70p 
to (|D.6j) . we see to take sq = 1 in Appendix D. Of course when D = in (I4.67p . r]ik = for all 
pairs l,k so that Xi{t),X2{t), . . . ,X(i{t) agree up to a constant multiple. In this case, if we take 

def. 

R{t) = Xi{t) = • • • = Xii{t) = a{t) and q = d we obtain the FRLW cosmology with curvature 
A; = and n = 2d, D = so that we may refer to sections 3.1.1 and 3.2.2 for exact solutions to the 
Bianchi I Einstein equations if D = 0. Here we consider solutions to the classical EMP (j4.64p by 
referring to Table EI] with Ai = g^^ < 0. 

Example 32 For 9 = 1 and choice of constant D = (d — l)/2dK, we consider solution 5 in Table 
IZJ.il with dQ = bo = and cq = 1. That is, we have solution Y{t) = (qq + 2r)-^'^ to the classical 
EMP Y"{t) + Q{t)Y{t) = -l/y(r)3 for Q{t) = and oq G R. By [Pj^ - !KM) we have 
''"(0 = I ((* ~ *o)^ - ao) and 

R{t) = Y{T{t)fl'i = {t-t^fl'i (4.73) 

for any g 7^ and to G R. Also by JD. 3S\) we have a{t) = ln(t — to) so that 

Xi{t) = R{ty''^e^^''^^ 

= (t-to)^/V»'°^*"*°^ 

= (t-to)^/'^+'' (4.74) 

for 1 < i < d and for constants ci, . . . , q that satisfy 

^Q = and J2^i^>' = 2d ^^■'^^^ 

1=1 Kk 

by 1^. j^[ ). Since Q{t) = = (p'{t) the scalar field (j){t) =' (p{T{t)) = 0o G R is constant. Finally, 
by 1^.7^1 ), /ID.30\) and /ID.29\) . we obtain constant potential V{(p{t)) = —A/k. 

One can verify by hand that Xi{t), . . . , Xd{t), (p{t) and V{(p{t)) in ^^7^, (3^1 and \6. 19^ satisfy 



the vacuum Bianchi I equations (Iq)' CLnd {li)' for 1 < i < d and for a as in ^.75 ), with use of 
the identity in equation \4-^9 ). This example is the well-known Kasner solution ds^ = —dt^ + 



X]j=i t'^P^dxf, in which the constants pi must satisfy the Kasner conditions J2i=iPi — 'Yli=\P'i — 1- 
By setting pi = 1/d + Ci, we see that our conditions ((^.75 ) are equivalent to the Kasner conditions 



since ELiP* = EiLi(l/f^ + q) = 1 + Yl'i=i Ci = 1 + = I and YlLiPf = EiLi(l/t^ + Cif - 
(1/d) + Eti cf = (l/d) - 2 Zi<k cick = (1/d) + 2{{d - l)/2d) = 1. 

Example 33 For 6 = q = 1 and choice of constant D = (d — l)/2dK, we consider solution 5 in 
Table lDAl with do = qq = 0, bo = 4 and cq = 1. That is, we have solution Y{t) = (4r(t)^ + 2T(t))^" 
to the classical EMP Y"{t) + Q{t)Y{t) = -l/y(r)3 for Q{t) = 0. By mM) - [UM) we have 
r{t) = i (e2(*-*o) + e-2(*-*o) _ g) and 

R{t) = y(r(t)) = isinh(2(t-to)) (4.76) 



for any to G H. Also by ID.31 ) we have that 



a{t) = -2Arccoth (e^^^-^'^A = In {tanh{t - to)) (4.77) 
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so that 



Xi{t) = i?(t)i/'^e^»'^W = -^ smh(2(t - to))^/'^e"''"W 

Ol/u 



for a{t) as in |^.771 J and constants that satisfy 



2i/rf 
^ smh(2(t - to))^/'^tanh''^{t - to) (4.78) 



(d-1) 



^Q = and Y,ciCk = -^-^. (4.79) 

/=1 Kk 



^ince (5(t) = = 'f'ij), the scalar field is constant (j){t) =' ip{T{t)) = 0o £ IK,- Finally, by ^.7S^ , 
IIP. 36\) and IIP. 3^) . we obtain constant potential V{(f>{t)) = ^^~ ' — -. One can compare this 
solution with the higher- dimensional solution of Lorenz-Petzold in \2^. 

As an example for d = 3, one can take c\ = — t?) C2 = and C3 = -^ so that 

Xi{t) = -^ sinh(2(t - to))^/^tanh-^/'^{t - to) 
v2 

X2{t) = ^sinh(2(t-to))^/' 

Xsit) = -^smh{2{t-to))^^Hanh^/^{t-to) (4.80) 

v2 

and potential V{(j)(t)) = 3^ ~ ";^ solve the Bianchi I equations in 3 + 1 spacetime dimensions. One 
can compare this solution to the Bali and Jain solution in /i/. 

4.2 In terms of a Schrodinger-Type Equation 

To reformulate the Einstein field equations (/o)> • • • > {Id) in terms of a Schrodinger-type equation 
with one less non-linear term than the generalized EMP, one can apply Corollary 12.3.11 to the 

d 

difference d{Io) — > (/«). Below is the resulting statement. 
j=i 

Theorem 4.2.1 Suppose you are given twice differentiable functions Xi(t), . . . ,X(i(t) > 0, a once 
differentiable function (j){t), and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(/q), . . . , {Id) for some A € R, c? G 1N\{0, 1}, k € 1R\{0}. Let g{a) denote the inverse of a function 
a{t) which satisfies 



for some 9 > 0. Then the following functions 

u{a) 



Xi- ■ ■ Xd 



g{a) (4.82) 



P{a) = jf^/{^f (4.83) 
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solve the Schrodinger-type equation 



for 



and where 



is a constant for 



.» + [E-PW]„M^ '''y^> +'■''''> (4.84) 

[a — l)u[a) 



V'(a) = 0(<7(a)) (4.85) 

p{a) = p{gia)), pia)=pig{a)) (4.86) 



E 



def. -0 2 v2 v2 V^ 2 



-Xfxl.-XJY^vfk (4.87) 



{d _, 



i]ik '^= Hi-Hk,l^k,l,ke{l,...,d}. (4.88) 



Conversely, suppose you are given a twice differentiahle function u{a) > 0, and also functions 
P{cr) and p{a),p{a) which solve i4-84\ ) for some constants E < 0,9 > 0,k £ ]R.\{0} and d G 
M\{0, 1}. In order to construct functions which solve {Iq), . . . , (Id), first find a{t),ip{a) which solve 
the differential equations 

d{t) = lu{a{t)) and ^' {of = ^'^~^^ P{<j). (4.89) 

dK 

Let 

R{t) = u{a{t))-'' and ai{t) '^= cia{t),l e {1, . . . ,d} (4.90) 

where ci are any constants for which both 

( rl ^\T^ 
J];q = and Yl ^^^fc = 2d ' ^^"^^^ 

1=1 Kk 

Then the functions 

Xi{t) = i?(t)^/^'^e"'(*) (4.92) 

</.(t) = i;{a{t)) (4.93) 

p{t) = pia{t)), Pit) = p(a(t)) (4.94) 

and 

a{t) (4.95) 



|^(M^ + ^„V5^"^W0=-p-^' 



v(m) 

satisfy the equations (Iq), . . . , (Id)- 

Proof. This proof will implement Corollary 12.3.11 with constants and functions as indicated in the 
following table. 
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Table 4.2: Corollary [QTH applied to Bianclii I 



In Corollary 



substitute 



In Corollary 



substitute 



a{t) 
Git) 

Giit) 

F,{a) 



R{t) 

constant uE/O'^ 

0r)ipit)+Pit)) 

^(P(a)+P(CT)) 



e 
A 

Ai 



udn/id — 1) 
2/1/ 



1 



Much of this proof will rely on computations that are exactly the same as those seen in the 
proof of Theorem 14.1.11 (the generalized EMP formulation of Bianchi I) . Therefore we will restate 
the relevant results here, but point the reader to the details in the proof of Theorem 14. 1.1[ 

To prove the forward implication, we assume to be given functions which solve the Einstein field 

d 

equations (Iq), . . . , (Id)- Forming the linear combination d{Io) — /^{li) of Einstein's equations and 
simplifying, as was done in (j4.19p - (j4.29p . 



Hr + 



id -I) 



Yyz^^zfc 



Kk 



where 



and 



HRit) 



—udn 



def. R{t) 

R{t) 



+ {p+p) 



i?(t) =^-(Xi(t)...Xrf(t)r 



(4.96) 



(4.97) 



(4.98) 



for any v ^ {). Next we will confirm that E is constant. As was done in ()4.30p - ()4.33p . since the 
right-hand sides of Einstein's equations (Ij) are the same for all i G {l,--- ,(i}, by equating the 
left-hand sides of any two equations (/j) and (/j) for i ^ j, and after some rearranging we obtain 



riij + -VijHR = 



(4.99) 



for r]ij defined in ()4.88p . Therefore the definition (j4.87p of E is constant, being proportional to a 
sum of squares of these constant functions. By the definitions (I4.87P and (I4.98P of the constant E 
and the function R{t), we now rewrite (j4.96p from above as 



Hr 



—udti 



(t>^ + {p + p) 



+ 



uE 



Q2J12/U ■ 



(4.100) 



This shows that R{t), (j){t), p{t) and p{t) satisfy the hypothesis of Corollarv l2.3.11 applied with con- 
stants e,N,A,Ai . . . , Aj\[ and functions a{t), G{t), Gi{t), . . . , G]\f{t) according to Table 16.21 Since 
a{t),u{a),P{a) and tpia) defined in ([OT]) . (IM2D, (^^ and K85\\ are equivalent to that in the 
forward implication of Corollary 12.3. H applied with constants and functions according to Table [621 
by this corollary and by definition (j4.86p of pi{a),p{a), the Schrodinger-type equation (j2.110p holds 
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for constants Ci, . . . , Cn and functions i^i(o'), . . . , F/v(o") as indicated in Table [6^21 This proves the 
forward imphcation. 

To prove the converse imphcation, we assume to be given functions which solve the Schrodinger- 
type equation (I4.84p and we begin by showing that (/q) is satisfied. Differentiating the definition 
of R{t) in (j4.90p and using the definition in (|4.89p of (T(t), we obtain 

R{t) = -uu{(T{t))-''-^u'{(T{t))d{t) 

= -^n(a(t))-'^n'(a(t)). (4.101) 

so that 

Hr =^- I = -"^u'iait)). (4.102) 

Differentiating the definition (|4.93p of 0(t) and using the definition in (|4.90p of o"(t), we obtain 

^{t) = i^\<y{t))d{t) = ^i,\a{t))u{a{t)). (4.103) 

Using (|4.102l) and (l4.1U3p . and also the definitions (|i:90|) and (HTMl) of R{t) and p{t) respectively, 
the definition ()4.95p oiV o (j) can be written as 

The quantity in parenthesis here is in fact equal to the left-hand-side of equation (/g). To see this, 
first note that the definitions Xi{t) '^= R{tf/'"^e'^i^^^ in (11:92]) and H{t) '^= |J| in (|i302]l . and the 
condition ^^ q = 0, are the same as those in Theorem 14. 1.1[ Also by the definitions (|4.90p . (j4.89p 
and (|4.90p of ai{t),(j{t) and R{t), we obtain 

aiak = ciCk(T =—{uoa) = ^^^^^, (4.105) 

which is a slightly modified version of (j4.43p from our computation in the proof of Theorem 14.1.11 
Therefore by the arguments in (J4.40p - (j4.44p . and using (J4.105P to slightly modify the last term to 
apply here, we have that 

yHiHk = ^^--^Hl + y 4^. (4.106) 

l<k l<k 

Then by the condition (I4.91|) on the constants q, ()4.106p becomes 

y H,H, = ^^Hl + i^^^. (4.107) 

'^ 2v^d ^ 2de^R^/^ ^ ' 

Kk 
That is, the expression (|4.104p for V can now be written as 

V o^=-y HiHk-U^-p--, (4.108) 

Kk 

showing that (/q) holds under the assumptions of the converse implication. 
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To conclude the proof we must also show that the equations (/i), . . . , (Id) hold. In the con- 
verse direction the hypothesis of the converse of Corollary 12.3.11 holds, applied with constants 
N,Ci, . . . , Cn and functions Fi{a), . . . , F]\f{a) as indicated in Table [621 Since a{t),xjj{a),R{t) and 
<j){t) defined in ()4.89p . ()4.90p and ()4.93p are consistent with the converse implication of Corol- 
lary I2.3.H applied with a{t) and e as in Table 16.21 by this corollary and by the definition (j4.94p 
of p{t),p{t) the scale factor equation (I2.109J) holds for constants e,A,Ai,...,AN and functions 
G{t),Gi{t), . . . ,Gj\fit) according to Table [6T2l That is, we have regained (j4.100p . Now solving 
(|4.104p for p{t) and substituting this into (I4.100p . we obtain 



■ —udK 



K 



''°^+^d^^;^i?^+^+^^Ak^« 



(4.109) 



Multiplying by ^ ^^ ' and rearranging, we see that 
(d-l) /. I (d-l) , {d-l)E 

ud ^ 2u^d ^ 2de^mi>^ 



— (j) —Vo(j)-\-p 



+ A. (4.110) 



The left-hand side of this equation is in fact equal to the left-hand-side of (/») for any i £ 
{l,...,d}. To see this, again we use that the definitions Xi{t) °'=' R{ty/'"^e°''^^^ in (14921) and 
Hn{t) = "RTfT in (|4.102p . and the condition ^^ q = 0, are the same as those in Theorem 14. 1.11 
Also by the definitions (fO0]l and (jiTSgl) of ai{t),a{t) and R{t), we see that 

aiimit)'/-- = cia{t)R{tf'- 

= ^lu{a{t))R{tfl'^ 

= -— is a constant (4.111) 

9 

which shows that 

ai + -aiHR = (4.112) 

holds here as it does in Theorem 14. 1.1[ Therefore by the arguments in (|4.49p - (|4.6ip . and as above 
using (|4.105p to slightly modify the last term of (j4.6ip to apply here, we have that 

l^i Kk l<k 

Then by the condition ()4.9ip on the constants q, (J4.113P becomes 

E(*. + H-f) . E «'^^ - ;^(^ - >)*« + ^«« - E !»■ <""' 

l^i Kk l<k 

l,k^i 

Combining (|4.110p and (|4.114p . we obtain (J^) for all i E {1, . . . ,d}. This proves the theorem. 
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4.2.1 Reduction to linear Schrodinger: pure scalar field 



To show some examples we take p = p = so that Theorem shows that solving the Bianchi I 
Einstein equations 



Y^mm 



(lo)" 



Kk 






1 .,, 



ih)" 



+ A 



Kk 



Vo 



A 



is equivalent to solving the linear Schrodinger equation 

u"{a) + [E-P{a)]u{a) =0. 
The solutions of {lo)" , {h)" in (|4.115p and the solutions of (|4.116p are related by 



R{t) = (Xi(t) • • • X^Y = u{a{t))-^ and i^'{af = ^^J 



P(a) 



for any z^ / and where (j)(t) = ip{a{t)) and 

a{t) 



exiit) ■ ■ ■ Xait) 



lui<^it)), 



for ^ > 0. Also the constant E is 



E 



def. 



{d 



-^xlxl-x^Y^ 



vfk 



-.Kk 



def. 



for rjik = Hi — Hk, I, k ^ {1, . . . ,d}. In the converse direction 



def 

for ai{t) = cia{t) and where the constants q satisfy 



1=1 



and 



Kk 



{d-l)E 
2d ■ 



Also V is taken to be such that 

vm)) 



^(K)^+^.vi^W-^ 



a{t). 



(4.115) 



(4.116) 



(4.117) 



(4.118) 



(4.119) 



(4.120) 



(4.121) 



(4.122) 



We now refer to Appendix E for solutions of the linear Schrodinger equation (I4.116p . We will 
map them using the theorem to exact solutions of Einstein's equations. Of course when £^ = in 
(j4.119p . rjik = for all pairs l,k so that Xi{t),X2{t), . . . ,Xfi{t) agree up to a constant multiple. 

def. 

In this case, if we take R{t) = Xi{t) = • • • = Xd{t) =' a{t) and u = 1/d we obtain the FRLW 
cosmology with curvature k = 0,n = 2d and D = so that we may refer to section 3.3.1 for exact 
solutions to the Bianchi I Einstein equations if ii^ = 0. Here we consider solutions to the linear 
Schrodinger equation (|4.116p by referring to Table lETJ with E <0. 
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Example 34 For 9 = 1 and choice of constant E = —1, we take solution 4 in Table \E.1\ with 
Co = —1, ao = 1 o.nd bo = so that we have u{a) = e~'' , P{cr) = 0. By liE. 28\) - liE. 30\) with tq = 1 
we obtain a{t) = In ((t — to)) and 



Kit) 



1 



u{a{t)Y 



{t-toY 



for any i/ 7^ to S II so that 



Xi{t) = i?(t)i/'^'^e"»'^W = (t - to)^/'^+^^ 



for constants that satisfy 



^ q = and ^ QCfc 
1=0 Kk 



jd-l) 
2d 



(4.123) 



(4.124) 



(4.125) 



Since P = {) = ifj' {a) , tpia) = tpo for constant Vo G ^- Finally, by gA2§, [KM) and [E3U\) . 
we obtain constant potential V{(j){t)) = — A/k. This is alternate derivation of the Kasner vacuum 
solution seen above in Example 32. 

For V = 1/2 and to = 0, the solver was run with u and u' both perturbed by .01. The graphs of 
R{t) below show that this solution is unstable, since the absolute error grows up to two orders of 
magnitude over the graphed time interval. 



Figure 4.1: Instability of Bianchi I Example 34 




Example 35 For 9 = 1 and choice of constant E = —1, we take solution 4 in Table \E.1\ with 
Co = —1 and ao,bo > so that we have u{a) = aoe"'^ — boe'^ and P{cr) = 0. By /(E. ggj) - ( E.34 ) we 
obtain a{t) = In ( ^/ Y-tonh{y/aobo{t — to)) I and 



Kit) 



1 



u{a{t)Y 



{2V^^Y 
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sinW^ {2^/aobo{t — to)) 



(4.126) 



for zv 7^ and to gM, so that 



Xi{t) = Rity/^'^e^^"^^'' (4.127) 



voo 
Since P = = ip'ic), the scalar field is constant 

'tP[cr) = Vo e IR- (4.128) 

Finally, by ^A2^, ^E. 35|) and ( E.34 ), we obtain constant potential 



Vim = ^(IziMl.A (4.129) 

dn K 

since coth'^{x) — csch^{x) = 1. 

As an example for d = 3, one can take ci = — 7^, C2 = 0, cs = -7= and ao = 60 = 1 so that 

Xi{t) = sinh'^^-^^/^{{t-to))cosh^^+^^/^{{t-to)) 

X2{t) = sinh^/'\{t-to))cosh^'^{{t-to)) 

Xsit) = sm/i(^+^)/3((t-to))cos/i(i-^)/3((^_^p)) (4_;L30) 

and the potential V{(l){t)) = ^ — -^ solve the Bianchi I equations m 3 + 1 spacetime dimensions. 
One can also compare this solution with the Bali and Jain solution in section 2 of J^. 

Example 36 For 9 = 1 and choice of constant E = —1, we take solution 5 in Table \E.1\ with 
Co = —1 and bo = so that we have u{a) = {ao/a)e~'^ '^ and P{cr) = o"^ + 2/a'^ for oq > 0. By 
(KM) - [KM) we obtain a{t) = Y^21n(ao(t - to)) and 

m = ^(^t))'- ^ {V2{t-to)^Hao{t-to))y (4.131) 

for t > to so that 

Xi{t) = R{tf/'"^e^^''^^^ 

'V2{t - toWHao{t - to))) ^''' e^V21n(ao(t-to)). 



for constants Cj that satisfy 



(4.132) 



Y,ci=Q andY, cick = -^^^- (4-133) 

1=1 Kk 



By iE.41 ) with ao = (d — l)/dK, we have scalar field 

m = i,[ a{t)) 
{d-l) 



2dK 
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21n2(ao(t - to)) + 1 + In [21n(ao(t - to))] 



In 



A + AJ2\n\ao{t-to)) + l 



+ /3o 



for /3o G E. Finally, by ^J2§, (KM) and [K^) . we obtain 

'{d-1 



vm)) 



(0 



,^2 



AU j — U , 



') 



1 u\^'f-- 



oa{t) 



{d-l){2ln{ao{t-to))-l) A 



8dK{t-to)'^ln^{ao{t-to)) k' 
For example when d = 3, we can take ci = — t^j ^2 = and c^ = -i= to obtain 

X,{t) = {V2{t - to) Vln(ao(t - to))} '" .^^^V^mKCt-to)) 
X2{t) = (^/2(t-to)Vln(ao(t-to))^ 
X3(t) = (^/2(t-to)\/ln(ao(t-to))' 



e ^' 



1/3 






(4.134) 



(4.135) 



(4.136) 



and 



^( V21n2(ao(t-to)) + l + ln[21n(ao(t-to))] 



In 



4 + 4./21n^(ao(t-to)) + l 



+ /3o 



F(<A(t)) 



(21n(ao(t-to))-l) 



A 



(4.137) 



(4.138) 



12K;(t-to)2ln^(ao(t-to)) k 

/or /3o,to £ E and oo > 0. Note that this is similar to the FRLW solution found in Example 21 by 
setting n = 2d and by identifying a{t) in Exavfiple 21 with R{t) here. 

For V = aQ = \ and to = 0, the solver was run with u and u' both perturbed by .01. The graphs 
of R{t) below show that this solution is unstable, since the absolute error grows three orders of 
magnitude over the graphed time interval. 
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Figure 4.2: Instability of Bianchi I Example 36 
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Chapter 5 

Reformulations of a conformal 
Bianchi I model 



For a change of coordinates in comparison to chapter 4, we consider a Bianchi I metric of the form 

ds"^ = - (ai(t)a2(t) • • • ad{t)f dt^ + ai{tfdxl + al{t)dxl -\ h a\{t)dxl (5.1) 

in a d+1— dimensional spacetime. The nonzero Einstein equations g^^Gij = —Kg^^Tij+A, multiplied 
by bool = {aia2---adf are 



(5.2) 



Kk 


K 


— + (aia2 • • • aaf iVo(l) + p+-] 




ly^l Kk 


(h 


) 

K 


— ^ + («i«2 • • • adf iVo(f)-p+ — j 


Y.Hi-Y.HiHk 

ly^i Kk 


(h 


K 


— ^ + («i«2 • • • aaf ( F o - p + - ) 


l^d Kk 


(Id 


) 

K 


"02 / A\" 
— ^ + («i«2---ad) (Fo0-jo+-l 


where Hi{t) =^- %. 
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5.1 In terms of a Generalized EMP 

Theorem 5.1.1 Suppose you are given twice differentiahle functions ai{t),... ,ad{t) > 0, a once 
differentiahle function (p{t) and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(/o), . . . , (Id) for some A G R, d G ]N\{0, 1}, k G B\{0}. Denote 

R{t)''li-{ai{t)a2{t)---ad{t)r (5.3) 

for some u ^ 0. If f{T) is the inverse of a function T{t) which satisfies 

fit) = 9R{ty+^, (5.4) 

for some constants 6 > and q j^ 0, then 

Y{r) = R{f{T)r and Q{r) = ^^f'{rf (5.5) 

solve the generalized EMP equation 

Y {r)+Q[r)Y[T)- ^^^^^^^^^_^^^^^^ e^{d-l)YiT) ^^"^^ 

for 

ip{T) = ct>{f{T)) (5.7) 

g{r) = p{f{T)), p(r)=p(/(T)). (5.8) 

^ ^ l<l<k<d j=2 

where /ij G E, are such that ai{t) = uJiC^^^aiit) for some coi £ M^,i £ {2, . . . , d}. 

Conversely, suppose you given a twice differentiahle function Y(t) > 0, a continuous func- 
tion Q{t) and also functions g{T),p{T) which solve i5.6\) for some constants 9 > and q.,y,K G 
R\{0},L G R, d G lNr\{0, 1}. In order to construct functions which solve (Iq), . . . ,{Id), first find 
T{t),Lp{T) which solve the differential equations 

f{t) = eY{T{t))^'"'+^^/i^ and (^'(r)2 = fcilgr^). (5.10) 

qudK 



Next find constants fii,i G {2, . . . , d} which satisfy 

(d 



2 

' 2<l<k<d j=2 



and let 

R{t) = y(r(t))i/''. (5.12) 

Then the functions 

ai(t) = i?(t)V^rf(a;2 . . . u;^e('^2+-+Md)t)-i/rf (5.I3) 

a,(t) = a;ie^'*ai(t) (5.14) 
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p{t) = Q{T{t)), p{t)=p{T{t)) 



and 



vm)) 






A 



r(t) 



(5.15) 
(5.16) 

(5.17) 



satisfy the Einstein equations (Iq), ■ ■ ■ , (Id) for any uJi > 0,2 < i < d. 



Proof. This proof will implement Theorem 12.1.11 with constants and functions as indicated in the 
following table. 

Table 5.1: Theorem 12.1.11 applied to conformal Bianchi I 



In Theorem 



a{t) 
6 

Go{t) 

Giit) 

Ao(r) 

Ai(r) 



substitute 



In Theorem 



R{t) 
-\lv 

constant vL 

0^ipit)+Pit)) 

constant qvL/O'^ 



substitute 



N 


1 


e 


udK./{d - 1) 


Ao 





Ai 


-2/v 


Bo 


(2 + qv)/qv 


Bi 


1 



To prove the forward implication, we assume to be given functions which solve the Einstein 
field equations (/o), . . . , {Id)- Since the right-hand sides of Einstein equations {h) are the same for 
alH G {1, . . . , d}, we begin by equating the left-hand side of (Ii) with the left-hand side of any (/j) 
for j G {2, . . . ,d} since it will give us a simplifying relation among the scale factors ai(t), . . . , ad{t). 
Doing this, we obtain 

1^1 Kk l^j Kk 



St 



All terms cancel except for the j term from the first sum on the left-hand side, and also the 1 
term from the first sum on the right-hand side. This leaves 

Hj = Hi, (5.19) 

which holds for all j € {1, . . . , d}. Integrating, we obtain 

Hj = Hi + fij (5.20) 

for jjj G R, j G {1, . . . , d} (/xi = 0). Since in general ^ In(aj) = ^ = Hi, ()5.20p can be written 

_ln(a,) = -ln(ai) + ^,-. (5.21) 
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Integrating again we get 

In(aj) = In(ai) + fijt + c'j (5.22) 

def. 

for some Cj G R, j G {1, . . . ,d} (ci = 0). Exponentiating and letting ujj =' e^^ > 0, we have that 

aj{t)=ujjef'^^ai{t), (5.23) 

where of course this holds trivially for j = 1 where wi = 1 and fii = 0. By (j5.20p . the left-hand 
side of (/q) can be written as 

Y^ HiHk = YiHi + fii){Hi + ^fc) = Y,iH! + (w + f^k)Hi + f^ifik)- (5.24) 

l<k l<k l<k 

The first term on the right-hand side of ()5.24p does not depend on the indices l,k. By using our 
computation in (|4.4ip . this term is equal to Hf times X^^^^ 1 = 2 '^^^ second term on the 
right-hand side of (I5.24p sums to Hi times the quantity 

d-l d d fc-1 

X](w + ^fc) = YY ^^l + YY^^k 

Kk 1=1 k=l+l k=2 1=1 

d-l d 

= Y{d-l)fll + Y,ik-^)f^k 
1=1 k=2 

d-l 
= {d- l)lli + ^(d -j+j- l)fij + {d- l)fid 

d 

= id-l)Y,f^r (5.25) 

i=i 

Therefore (j5.24p becomes 

Y, HiHk = ^fcllif2 ^ (^ _ ^^^^ Y.^'i + Y. W/^fc- (5-26) 

Kk j=l l<k 

Next using the definition ()5.3p of R{t), we further define 

def. R 

u{ai ■ ■ ■ ad{t)Y~^{di ■■■ad-\ h ai • • • d^) 



^^ R 



{ai-'-adY 
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d 

iy[dHi + Y,H] (5-27) 



by (lOOl) . Therefore 



and 

H, = i^if„ (5.29) 

SO that (|5.26|) becomes 

Y,HiHk= (5.30) 



l<k 



d{d~l) I 1 






2 

Collecting terms (the ///? terms sums to zero), we obtain 



, 2 
d 



E^^^^ = ^^i-^(E^.| +E^^^- (5-31) 

Also using that 



2v'^d "^ 2d , 

Kk \j=l / Kk 



d 

Y,fij\ = 2 J^ /x;/ifc + Y^ Mi (5.32) 

,i=l / Kk 3=1 

the equation ()5.3ip becomes 

Ei^-ft-^^l + iE^M.-^EM?- (5-33) 

Defining the quantity 

de/. ^ Y^ Y^ 2 



l<k l<k j=l 



d 



Kk j=l 

d 



we see that (I5.33P becomes 



2 
(d_i) E W/^fc-E^i (since Ml = 0), (5.34) 

^ ' 2<Kk<d j=2 



Kk 
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Similarly by (j5.19p . (j5.29p and (j5.35p . the left-hand side of (Ij) for 1 < i < d can be written as 



7 ^ Hi — 2^ HiHk 

l^i l<k 



vd 



Hr 



2u^d 



H 



R 



jd-l) 
2d 



L. 



(5.36) 



That is, by ()5.33p . (I5.36P and the definition ()5.3p of R{t), equations (Jq) and (/j) ior 1 < i < d can 
be written as 



(^-1)^2 , (d-l) {loY 

-n p H : Lj = K 



2v^d 



2d 



2 \ K 



id -I) 
vd 



Hr 



id -I) 
2u^d 



H 



R 



(d-l) J {uy 

; L = K 

2d 






Forming the linear combination (Iq)' — (li)' , and multiplying by 



— ud 
(d-l) ' 



Hr 



Hi-uL 



— vdn 

JdTT) 



02+i?2/^(p + p) 



(5.37) 



This shows that R{t),(f){t), p{t) and p{t) satisfy the hypothesis of Theorem 12.1.11 applied with 
constants e,e,N, Aq, . . . ,Aiy and functions a(i), Go(t), . . . , GAr(i) according to Table [5TTJ Since 
T{t),Y{T),Q{T) and (/^(r) defined in (J5.4I) . (j5.5p and (15. 7p are equivalent to that in the forward 
implication of Theorem l2.1.1l by this theorem and by definition (j5.8p of q{t),p{t), the generalized 
EMP equation (12. 2p holds for constants Bq, . . . , B^ and functions Ao(t), . . . , \n{t) as indicated in 
Table [5TT1 This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the generalized 
EMP equation ()5.6p and we begin by showing that [Iq) is satisfied. Differentiating the definition 
of R{t) in ()5.12p and using the definition in (|5.10p of T{t), we see that 



kit) = -y(r(t))i-V(r(t))f(t) 
q 

= -y(r(t))^^^+^V'(r(i)) 



(5.38) 
(5.39) 



Dividing by R{t), we obtain 



HRit) 



def. R{t) 



-Y{T{t))'l''^Y'{T{t)). 



R{t) q 

Differentiating the definition (j5.15p of (f){t) and using definition (jS.lOp of T(t) gives 

<A(t) = ^'ir{t))fit) = e^\T{t))Y{T{t)t^^'y^\ 



(5.40) 



(5.41) 



Using (I5.40p and (I5.4ip . and also the definitions ()5.12p and ()5.16p of R{t) and pi{t) respectively, 
the definition (j5.17p oiV o (j) can be written as 



V o, 



J12/U 



1 f jd-l] 
2iy^d 



Hi + 



{d-l) 
2d 



L 



A 



(5.42) 
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The quantity in the inner parenthesis here is in fact equal to the left-hand-side of equation (Iq). 
To see this, we differentiate the definitions in (15.130 and (I5.14|) of ai{t), divide the results by ai{t), 
and use the definition (|5.40p of Hr to obtain 



ai I'd a 



M 



and 



def. at ai 
tii = — = V Hi = Hi + ^li 



ai ai 



(5.43) 



(5.44) 



def. 



for z G {1, . . . , d} by taking /ii ='0. This confirms that the identities (f5lB . (lOOj) . (fOSl) and 
()5.29p hold in the converse direction, so that the computations ()5.26p - (|5.35p are also valid in the 
converse direction for L in (j5.1ip . That is, 



Y^HiHk 



Kk 



id -I) 
2u^d 



Hi + 



2d 



L 



(5.45) 



which shows that (j5.42p can be written 



V O: 



^2/. 



ME-* 4 



a<k 



A 
P 

K 



(5.46) 



so that (Iq) holds. 

To conclude the proof we must also show that the equations (/i), . . . , (Id) hold. In the con- 
verse direction the hypothesis of the converse of Theorem 12.1.11 holds, applied with constants 
N,Bq, . . . , Bjy and functions Ao(t), . . . , AAr(r) as indicated in Table [5Tl Since T{t),cp{T), R{t) 
and (/>(t) defined in (j5.10p . ()5.12p and ()5.15p are consistent with the converse implication of The- 
orem I2.1.H applied with a{t),5 and e as in Table 15.11 by this theorem and by the definition 
()5.16p of p{t),p{t) the scale factor equation (12. 1|) holds for constants 5, e, Aq, . . . ,Aj\f and functions 
Go{t),. . . ,G]\[{t) according to Table [STTl That is, we have regained equation (j5.37p . Now solving 
(I02]l for R'^/''p{t) and substituting this into (1071) . we obtain 



Hr-^h^ 



V 

-L 
2 



— vdn 



2 



-V • 



A 

• + p 



Multiplying by ^ ^^ ' and rearranging, we get that 



(5.47) 



(d-1)^^ (d-1) ^, 



vd 



2v^d 



R 



2d 



L 



+ i?2^ i_Vo(^+p- 



A 



(5.48) 



As noted above, the computations (j5.26p - (|5.35p still hold in the converse direction so that by 
(j5.36p . we see that the left-hand side of (j5.48p is in fact equal to the left-hand side of {Ii) for any 
i G {1, . . . , d}. Since R = {ai- ■ ■ a^Y , the right-hand side of (|5.48p agrees with the right-hand side 
of (Ii) for all i E {1, . . . , d}. This proves the theorem. o 



5.1.1 Reduction to classical EMP: pure scalar field 



To show some examples we take p = p = and choose parameter i' = 1/q in Theorem 15. 1.11 to find 
that solving the Bianchi I Einstein equations 



Y^HiH, 



(loY 



Kk 



^'^ , ^2 (^r M ^ 

— - + (aia2 • • • Orf) \/o0 + — 



ih)' 
Ik = K 



— + (aia2 • • • adf [V o cj) + — 



l^i l<k 

for l,k,i £ {1, ... ,d} is equivalent to solving the classical EMP equation 

L 



Y"{r) + Q(T)Y{T) 



e^Y{i 



for constants 9,L > 0. The solutions of (/q)'; (-^i)'; • • • j {Id)' and (I5.50p are related by 



R{t) = Yirit)y 



and ip (r) 



dn 



-Qir) 



for q / 0, m = v{r{t)),Rit) ''= (ai(t) • • • ad{t)f''' and 

f{t) = 9R{tf'^ = eY{T{t)f, 
for any > 0. Also we define the constant 



' 2<l<k<d j=2 



(d 



(5.49) 



(5.50) 



where fn £ M, are such that ai{t) = Cje^'*ai(f) for some Cj G R, i G {2, 
direction we also define 

ai(t) = R{tY/^{u2 ■ • • Wrfe(^2+-+^^)*)-i/'^ 



(5.51) 
(5.52) 

(5.53) 

, d}. In the converse 
(5.54) 



and take V to be 



vm)) 



2dK y ^' > ^ y2 



-{^'fy' - - 



Tit). 



(5.55) 
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5.2 In terms of a Schrodinger-Type Equation 

To reformulate the Bianchi I Einstein equations (Iq), . . . , {Id) in ()5.2p in terms of an equation with 

one less non-linear term than that which is provided by the generalized EMP formulation, one 

d 

can apply Corollary 12.3.11 to the difference (i(/o) ~ y_](-^«) (a-iid similar to above, define V o cj) in 

i=l 

tt— notation to be such that (Iq) holds). Below is the resulting statement. 

Theorem 5.2.1 Suppose you are given twice differentiahle functions ai{t), . . . ,a(i{t) > 0, a once 
differentiahle function (j){t), and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(lo), . . . , (Id) for some A G R, d G IN\{0, 1}, k e IR\{0}. Denote 



for some i^ ^ 0, then the functions 



i?(t) =^-(ai(t)---a,(t))^ (5.56) 



u{a) = Ria + to)-^/" (5.57) 



solve the Schrodinger-type equation 



u"(.)HE-Pi.)\u(.) = tm±l^ (5,59) 

for 

^{a) = (t>{a + to) (5.60) 

p(o-) = p{a + to), P(^) = P{cr + to). (5.61) 

and where 



E 



def. 2 



d 



^ Yl w/^fc - Yl ^i (^-62) 



(d ^, 

^ ' l<k j=l 



for constants pj such that aj{t) = ujje^^^ai(t) for some ujj > 0, j G {1, . . . , d}. 

Conversely, suppose you are given a twice differentiahle function u{cr) > 0, and also functions 
P{cr) and p((t),p((t) which solve /i5.59\) for some constants E < 0,k £ ^\{0} and d G ]N\{0, 1}. 
Then we define V'(c) such that 



,2_id-l) 



i''{<y)' = ^^^(^)' (5-63) 

and constants fii,i £ {2, . . . ,d} which satisfy 

2 '^ 

^ ^ Kk j=l 

and let 

R{t) = u{t - to)-"" . (5.65) 
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Then the functions 



ai{t) =ujie'''^ai{t) 

(Pit) = ^{t - to) 

p{t) = p{t-to), p{t) = p{t-to) 



and 



vm)) 



fcil((„r + M-i»')V 



A 



o{t- to) 



satisfy the equations {Iq), ■ ■ ■ , (Id) for any oji > 0,2 < i < d. 



(5.66) 
(5.67) 
(5.68) 
(5.69) 

(5.70) 



Proof. This proof will implement Corollary 12.3.21 with constants and functions as indicated in the 
following table. 



Table 5.2: Corollary 12.3.21 applied to conformal Bianchi I 



In Corollary 



a{t) 
5 

G{t) 

Gi{t) 

F,{a) 



substitute 



In Corollary 



R{t) 
-l/u 

constant vE 

-vdn 



0^{p{t)+p{t)) 
(^(p(a)+p(a)) 



N 

£ 

A 

Ai 
Ci 



substitute 



1 

udK/[d — 1) 



-2/v 
1 



Much of this proof will rely on computations that are exactly the same as those seen in the 
proof of Theorem 15.1.11 (the generalized EMP formulation of conformally Bianchi I) . Therefore we 
will restate the relevant results here, but point the reader to the details in the proof of Theorem 

Exn 

To prove the forward implication, we assume to be given functions which solve the Einstein 
field equations (/q), . . . , {Id)- Since the right-hand sides of Einstein equation (/j) are all the same 
for i G {1, . . . , d}, we begin by equating the left-hand side of (Ii) with the left-hand side of any {Ij) 
for j G {2, . . . , d} since it will give us a simplifying relation among the scale factors ai(t), . . . , ad{t). 
Exactly this was done in (I5.18p - (l5.23p so that again we obtain 



Hj = Hi + fij 



(5.71) 



and 



aj{t)=LOje^''^ai{t) (5.72) 

for ijjj > 0, fXj G R, j G {1, . . . , d}, and fii = 0, wi = 1. This allows us to follow the arguments given 
in (J5.24p - (j5.36p . so that the Einstein equations (Jq) and (/j) for 1 < i < d can be written as 



2u^d 



Hr + 



id- 



2d 



'-Ie '^y . 



2 \ K 
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id -I) 
vd 



Hr 






H 



R 



2d 



+ R^/" (vo(t,-p + 



A 



where again R[t) 



def. 



'ai{t) ■ ■ ■ ad{t)Y for z^ 7^ by (I536D . 

d 



L 



def. 



{d 



1)^ 



and 



so that 






de/. i? 



1 1 "^ 



i=i 



^1 



i/d 



i^/j. 



Again we form the hnear combination (/q)' — {h)' ^ multiply by 



— yd 
(d-1) 



and obtain 



Hr 



-Hi - vE 



—lydn 



<j)^ + R^/''{p + p) 



(5.73) 

(5.74) 

(5.75) 
(5.76) 

(5.77) 



This shows that R{t) , (j){t) , p(t) and p{t) satisfy the hypothesis of Corollary I2.3.2| applied with 
constants e, e,N,A,Ai . . . , Aj^ and functions a{t), G{t), Gi{t), . . . , Gj\[it) according to Table 15.21 
Since u{a),P{a) and tpia) defined in (I5.57p - (l5.58p and (I5.60p are equivalent to that in the for- 
ward implication of Corollary 12.3.11 by this corollary and by definition (j5.6ip of p(cr),p(cr), the 
Schrodinger-type equation (I2.130p holds for constants Ci, . . . , Cjy and functions Fi(a), . . . , Fiy{a) 
as indicated in Table 15. 2[ This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the Schrodinger- 
type equation (j5.59p and we will show that equations (Iq), . . . , (Id) are satisfied. 

To show that (/q) is satisfied, we differentiate the definition of R{t) in (I5.65P to obtain 



Rit) 



-vu{t - to)""" ^i (t - to) 



Dividing by -R(t), we have 



Hr 



def. R 



u'{t-to) 



R u{t - to) 

Differentiating the definition ()5.68p of (p{t), we get that 

0(t)=V'(t-to). 



(5.78) 
(5.79) 

(5.80) 



Using (|5.79p and (j5.80p . and also the definitions (j5.65p and (j5.69p of R{t) and p{t) respectively, the 
definition (j5.70p of F o (;;!> can be written as 



Fo 



1 



i^2/^ 



1 ( {d-l) ^2 I {d-l)E 
K V 2u^d ^ 2d 



1 > 



A 



P- 



(5.81) 
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The quantity in parenthesis here is in fact equal to the left-hand-side of equation (/q). To see this, 

note that the definitions of ai(t), ai{t) in (j5.66p . (j5.67p and also Hji =' R/R are the same as those 
in Theorem 15.1.11 Therefore we may follow the arguments given in (j5.26p - ()5.35p and (j5.43p - (|5.45p 
to see that the identity 



/ ^HjHk 



Kk 



id -I) 
2i/2d 



Hft + 



jd-l) 
2d 



E 



(5.82) 



still holds in the converse direction (since (j7.85p in Theorem 15.1.11 and (j5.1ip here show that L = E). 
This shows that (j5.8ip can be written 



V o. 



1 



J12/U 



\l<k J 



1 :^ 



A 

P 

K 



(5.83) 



so that (/q) holds under the assumptions of the converse implication. 

To conclude the proof we must also show that the equations (/i), . . . , (Id) hold. In the con- 
verse direction the hypothesis of the converse of Corollary 12.3.21 holds, applied with constants 
N,Ci, . . . , Cn and functions i^i(cr), . . . , F/v(o") as indicated in Table 15.21 Since ip{a),R{t) and 
(f){t) defined in (I5.63p . (I5.65P and (I5.68P are consistent with the converse implication of Corollary 
I2.3.2| applied with a{t) and 6, e as in Table 15.21 by this corollary and by the definition (j5.69p 
of p{t),p{t) the scale factor equation ()2.125p holds for constants 5,e,A,Ai,... ,A]\[ and functions 
G{t), Gi(t), . . . , GN{t) according to Table [5^ That is, we have regained (|5.77p . Now solving (j5.8ip 
for R^i'^ p{t) and substituting this into ()5.77p . we obtain 



Hr - -Hr 



^-E 
2 



—ucLk 



T 



2+^2/. _^^ 



A 

+ p 



(5.84) 



Multiplying by ^ , ' and rearranging, we get that 



vd 



Hr 



2u^d 



H 



R 



jd-l) 
2d 



E 



-t^^ + R^/^{V' 



A 

■ p-\ — 



(5.85) 



As noted above, the computations ()5.26p - ()5.35p from Theorem 15.1.11 still hold in this theorem, in 
the converse direction. Therefore the left-hand side of (j5.85p is in fact equal to the left-hand side 
of (/j) for any i G {1, . . . ,d}. Since R = (ai ■ ■ ■ a^Y , the right-hand side of ()5.85p agrees with the 
right-hand side of (Jj) for any i G {1, . . . , d}. This proves the theorem. o 



5.2.1 Reduction to linear Schrodinger: pure scalar field 



By applying Theorem 15.2.11 with /) = p = 0, we obtain a linear Schrodinger equation. We now refer 
to Appendix E for solutions of the linear Schrodinger equation. 



Example 37 For {} = v = 1 and choice of constant E = —1, we take solution ^ in Table \El\ with 
Co = —1, Oo = 1 and 6o = so that we have u{a) = e~^ and P{cr) = 0. By /i5. 65\) . 



R{t) 



1 

u{t - to) 



,t-tQ 



(5.86) 
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so that 



ai(t) = R{ty^''e 



l/d -{n2+-+fid)t/d 



,(1-M2 Ha){t-ti)/d 



(5.87) 



ai{t) = e^'*ai(i) 



,{(1-M2 fid)/d+tii)(t-ti) 



for constants fii that satisfy 



(5.88) 



E = -l 



id -I) 



-Y^^i^k-Y^^l 



Kk 



i=i 



Since P = = ip'{cr), we get 

for constant ipo £ R. Finally, by |5. 70^ , we obtain constant potential 



vm)) 



^^(('•''^-''V^ 



o{t- to) 



A 

K 



For example when d = 3, we can take ^2 = -75 o,nd ^^ = -j= 



(5.89) 



(5.90) 



(5.91) 



to obtain the vacuum solution 



ai{t) = 


= g{l-v^)(t-ti)/3 


a2{t) -- 


= e(t-ti)/3 


asit) = 


= g(l+v^)(t-ti)/3 


m -- 


= 00 


V = 


= -A/k. 



(5.92) 

For to = 0, the solver was run with u,u' and a perturbed by .001. The graphs of R[t) below 
show that the solution is unstable. The absolute error grows three orders of magnitude over the 
graphed time interval. 
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Figure 5.1: Instability of conformal Bianchi I Example 37 




Example 38 For ■(9 = 1, n = 6, z/ = l and choice of constant E = —1, we take the negative of 
solution 4 in Table lKl\ with cq = —1 and aoi^o > so that we have u{a) = hoe" — aQe~'^ and 
P{a) = 0. By (MW 



R{t) 



so that 



u{t - to) 6oe(*-*o) - aoe-(*-*o) 



^/d„-{^i.2+-+fid)t/d 



ai{t) = Rityl^'e 



-(M2H hfJ.d)t/d. 



(6oe 



(t-to) 



«oe 



^(t-to))Vd' 



(5.93) 



(5.94) 



ai{t) = e^»*ai(i) 

g-(/i2H \-fJ.d)t/d+tiit 



(6oe(*-*o) - aoe"(*-*o)) 



l/d 



for constants fii that satisfy 



(5.95) 



E = -l 



id 



J^^l^m-^fJ'l 



Kk j=l 

Since P = = ip'{cr), we have 

-0(0") = ^0 

for constant tpo S H. Finally, by |5. 70^ , we obtain constant potential 



vm)) 



' id -I) 
2dK 



A" 



{i-r--')-i 



o (t - to) 



(5.96) 



(5.97) 
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2{d - 1)0060 A 
dn K 



(5.98) 



since cosh (x) — sinh (x) = 1. 

For example when d = 3, we can take uq = Uq = 1, fi2 = -m ^''^'^ t^3 — ~7^ ^'^ obtain the solution 



aiit) 

02 (t) 

03 (t) 



csch{t — to) 



-csch{t - to) 



1/3 

I 

1/3 
1/3 



't/^/3 



i-csch{t-to)] e*/^ 



Ht) = ^0 



V 



A/k. 

3k ' 



(5.99) 



For ao = ho = I and to = 0, the solver was run with u, u' and a perturbed by .01. The graphs of 
R{t) below show that the solution is stable. 

Figure 5.2: Instability of confornial Bianchi I Example 38 
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Example 39 For 'Q = v = \ and choice of constant E = —1, we take solution 5 in tahle \E.]\ with 
Co = —1, ao = 1 and bQ = so that we have u{a) = (l/cr)e~'^ '^ and P{cr) = o"^ + 2/cr^. By 115. 6 5\) 



R{t) 



1 



u{t - to) 



(i_to)e(*-*o)V2 



(5.100) 



so that 



for constants fii that satisfy 

r) d, 



E = -l 



(5.101) 



(5.102) 



(5.103) 



By { E.40 ) with ao = {d — l)/dK, we have scalar field 
^{t) = iP(t - to) 

- ^^^^^ O(t-to)^ + 2 + ^/2 In 



2VdK 



{t - toY' 



2^/2 V(t - io)^ + 2 + 4 



+ /3o 



(5.104) 



and finally by J 5. 70^ , 

Vim) 



{d - 1) _^^_^„^2 / 1 



'(t-to)= 



o (t - to) 

A 



2dK " \{t-to)^ (t-to)'^ 

For example when d = 3, we can take to = 0, fi2 = -7^ o-nd fi^ = —^ to obtain the solution 
a,{t) = ti/3//6-t/v^ 

03 (t) = ti/3etV6+t/V3 
cPit) = 



(5.105) 






2^/2Vt^ + 2 + 4 



(5.106) 



For to = 0; the solver was run with u,u' and a perturbed by .001. The graphs of R{t) below 
show that the solution is unstable. The absolute error grows up to three orders of magnitude in the 
small graphed time interval. 
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Figure 5.3: Instability of conformal Bianchi I Example 39 
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Chapter 6 

Reformulations of a Bianchi V model 



For the inhomogeneous, anisotropic Bianchi V metric 



ds^ = -dt^ + Xl{t)dxl + Y, e^^'^^Xiitfdx 



(6.1) 



j=2 



in a (i+ 1— dimensional spacetime for d 7^ 0, 1 and /? 7^ 0, the nonzero Einstein's equations g^-'Gij 
-ng'^Tij + A are 

^1 



Y_mH,--Mi^'-J^\ 



Kk 



2X1 



+ v o4) + p 



+ A 



(6.2) 



E 

1^1 



(^, + „.)^V^,^,_L^-i)(<'-2)'3= '£1' 



Kk 



2X1 



1 :- 



V o (j) + p 



+ A 



^iH,+H-f)+yH,H,-^l^^M^^ 'S 






Kk 

l,k^i 



2X1 



1 - 



V O (j) + p 



+ A 






Kk 

l,kf^d 



{d-l){d-2)/3^ (/,) 
" 2X1 " ^ 



1 :^ 



y o (/) + p 



+ A 



de/. 

where Hi[t) =' di/ai and i,l,k G {1, . . . ,d}. There is one more equation, the off-diagonal entry 
Goi = —kTqi + A^iQi which states 



(M) 



f3Y,Hi-(.d-l)f3Hi'^>0 



(6.3) 



1=2 
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6.1 In terms of a Generalized EMP 

Theorem 6.1.1 Suppose you are given twice differentiable functions Xi{t), . . . ,X^(t) > 0, a once 
differentiable function <J3{t), and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(Jo), . . . , (Id) in (El) and (/qi) in (EJj for some A G R, d G ]N\{0, 1}, k G R\{0} and M G M. 
Denote 

R{t)^'=i-{Xi{t)---Xd{t)r (6.4) 

for some u ^ 0. If f{T) is the inverse of a function T{t) which satisfies 

f{t) = 0R{ty (6.5) 

for some constants > and q ^ 0, then 

Y{r) = R{f{T)Y and Q{r) = ^^f{rf (6.6) 

solve the generalized EMP equation 

—2qvdtiD qvdp'^ 



Y"{t) + Q{t)Y{t) 



9'^{d- l)y(r)(2+'?'')M 02f,2aiY(T)(^+'l''d)/qiyd 

6'2(d-l)y(r) 



^-^ qvdK {QiJT) + PiJT)) 



i=l 



for some ai G R, 



and where 



is a constant for 



(^(r) = ,/.(/(r)) (6.8) 

g{r)=p{f{T)), p{r)=p{f{T)) (6.9) 



D 



\l<k / 



r^ik^d- Hi - Hk, l^k,l,ke{l,...,d}. (6.11) 



Conversely, suppose you are given a twice differentiable function Y{t) > 0, a continuous 
function Q{t), and also functions q{t),p{t) which solve jg. 7[ j for some constants 9 > and 
q,v.,K G R\{0}, /i;,I?,ai,/3 G R, d G MyjO, 1}. In order to construct functions which solve 
(/o), . . . , {Id), {Iqi), fT-fst find T{t), (p{t) which solve the differential equations 

f{t)=9Y{T{t)) and f'irf = ^'^~}^ Q{t). (6.12) 

qh^clK 

Next find a function a{t) such that 

^(*) = .. M/ (6-13) 

and let 

R{t) = Y{T{t)Y/'^ and ai{t) '^= cia{t), I e {2,. . . ,d} (6.14) 
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where ci are any constants for which both 

d 



E^' = o 



1=2 



Then the functions 



and 



vm)) 



id - 1)0' ,,w 



{Y'f 



2v'^dK,q^ 
satisfy the Einstein equations (Iq), . . . , (Id)- 



and y ^ ciCk = 


-02/9^Dk. 






(6.15) 


2<l<k<d 












Xi{t) = R{tfl'"^e''\ ai gE 










(6.16) 


X,(t) = i?(t)i/'^V'W, 2<l<d 










(6.17) 


ct>{t) = ifirit)) 










(6.18) 


p{t) = Q{T{t)), p{t)=p{T{t)) 










(6.19) 


D d{d-l)f3^ 02^^^ 
y2M 2K;e2'^iy2/g!^d 2 


{^'f - 


- Q- 


A" 


OT{t) 


(6.20) 



Proof. This proof will implement Theorem 12.1.11 with constants and functions as indicated in the 
following table. 



Table 6.1: Theorem 12. 1.11 applied to Bianchi V 



In Theorem 


substitute 


In Theorem 


substitute 


a{t) 
5 


R{t) 



N 

£ 


1 

i/dK/{d - 1) 


Go{t) 


constant — 2udKD/{d — 1) 


Ao 


2/u 


Giit) 


(^(pW+pW) 


Ai 





G2{t) 


constant -z/d/S^e"^"! 


A2 


2/ud 


Mr) 


constant -2qvdKD /6'^{d - 1) 


Bo 


(2 + qv)/qu 


Mr) 
Mr) 


W0)io{r)+P{r)) 
constant -qud/S^/O^e^"'^ 


Bi 
B2 


1 

(2 + qvd)/qvd 



To prove the forward implication, we assume to be given functions which solve the Einstein field 

d 



equations (/q), • • • , [Id)- Forming the linear combination (i(/o) — /^(-^i) of Einstein's equations, we 
have that 



i=l 



dY^HiH, - Y, T.im + Hf) -Y.I1 ^^^' 



Kk 



i=l l^i 



i=l Kk 
l,k=/=i 



d{d-l)p^ 
k ^2 = di^ 



+ {p + p) (6.21) 
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since —d?{d — 1) + d{d — l){d — 2) = d{d — 1)(— d + d — 2) = —2d{d — 1) and where the summing 
indices /, /c G {1, . . . , d}. The first double sum in (j6.2ip contains the quantity j^ {d — l)-times for 

any fixed /, and the second double sum contains the quantity y^'' [d — 2)-times for any fixed /, k 
pair with I < k. Therefore ()6.2ip simplifies to 



d Y, HiHk - (d - 1) Y^im + Hf) -{d-2)Y HiHk 



l<k 



1=1 



Kk 



d{d-l)l3^ 



dK 



^^ + {P + P) 



Collecting the first and third sums, we have 

d 



2YHiHk-{d-l)YiHi + Hf) 



2, d(d-l)/32 



Kk 



1=1 



n 



dK 



r + {p+p) 



Using the definition (16. 4p of R{t), we define 



def. R 



u {Xi- ■ ■ Xdf-' [XiX2- ■ ■ Xd + ■ ■ ■ + XiX2- ■ ■ Xd 



Differentiating Hr gives 



Therefore (|6.23|) can be written as 



{Xi---Xdf 



Hr = uYHi 

1=1 



-E^^ 



1=1 



2Y,HiHk - (d - 1) -Hr + YHf 
Kk \ 1=1 



Multiplying by T^jriy ^-^^d rearranging, we get 



Hr + 



-^,-,g«?-.g.,..j.^ 



d{d - 1)/?^ 



udl3^ 



dn 



4''^ + iP+p) 



-vdK r 



By definition (j6.1ip of the quantities 7/;^ , we have 

Kk Kk 

The first and last terms on the right-hand side of (|6.28p sum to 

d-l d d k-1 



4>'^ + {p + p) 



Kk 



1=1 k=l+l k=2 1=1 



.22) 



3.23) 



(6.24) 



(6.25) 



(6.26) 



.27) 



3.28) 



1=1 



k=2 
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d-1 d-1 

= {d-l)Hl + Y,H] + Y,{j-l)H] + {d-l)Hl 

i=2 i=2 

d 

= id-l)^H] (6.29) 

i=i 

therefore (|6.28p becomes 

d 

l<k 1=1 l<k 

Using this to rewrite (|6.27p shows that 



Next we wih confirm that D is a constant. Since the right-hand sides of Einstein equations (/j) 
are the same for all z G {1, . . . ,(i}, by equating the left-hand sides of any two equations (/j) and 
{Ij) for i / j, 

Y,{Hi + Hf) + Y, HiHk = Y^iHi + Hf) + Y, HiHk (6.32) 

ly^i Kk l^j Kk 

where we recall that the sum indices l,k G {1, . . . ,d}. For the first sum on each side, the left and 
the right-hand sides of (j6.32p contain all the same terms, except for the j*^ indexed term which 
appears on the left, and the i indexed term which appears on the right. Therefore many terms 
cancel and we are left with 

^1 +Hj + Yl ^i^k = Hi + Hf+Y HiHk. (6.33) 

Kk Kk 

l,k^i l,ky^j 

For the second (double) sum on each side, the left and right-hand sides of (J6.33P contain all the 
same terms, except for the terms where either l,k = j which appear on the left, and the terms 
where either l,k = i which appear on the right. Therefore many terms cancel and we are left with 

^1 +Hj+Yl Hj^i = Hi + Hf + Y ^«^^ (6.34) 

Adding -Hj + H'j = to the left and -Hf + Hf = to the right, we obtain 

rjij + -iIijHr = (6.35) 

where we have used the expression (I6.24p for Hr, the definition (16. lip of rjij, and as usual dot 
denotes differentiation with respect to t. By Lemma lA.ll with /x = 1/z^ ^ 0, which applies since 
R{t) is positive and differentiable, (j6.35p shows that the function / = rjijR^''^ = r]ijXiX2- ■ ■ X^ 
is constant for any pair i,j (for the pair i = j, / is clearly a constant function, namely zero). 
Therefore the definition ()6.10p of D is also constant, being proportional to a sum of squares of 
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these constant functions. By the definitions (j6.10p and (j6.4p of the constant D and the function 
i?(f), we now rewrite (I6.31|] as 



Hr + 






—vdn 



+ 



2D 



+ {p + p) 



(6.36) 



Finally, we use the remaining Einstein equation (Iqi ) and the relation Hji = v >^ Hi in (j6.24p to 

1=1 
obtain 

Hr = vdHi. (6.37) 

That is, ^ ln(i?) = i^d^ In(Xi) which implies ln(i?) + cq = udhi{Xi) for some integration constant 
Co € IR so that 

for arbitrary constant ai = 

Hr 



-co/ud G R. Therefore (|6.36p becomes 
-udK [-9 2D (d-l)/32 



.38) 



(d-1) 



/22/z. ^g2ai^2/^d 



(6.39) 



This shows that R{t) , (j){t) , p(t) and p(t) satisfy the hypothesis of Theorem I2.1.H applied with 
constants e,e, N, Aq, . . . ,Aiy and functions a{t),Go{t), . . . ,GN(t) according to Table HTTl Since 
T{t),Y{T),Q{T) and (/^(r) defined in ()6.5p . ()6.6p and (16. 8p are equivalent to that in the forward 
implication of Theorem l2.1.1l by this theorem and by definition (j6.9p of q{t),p{t), the generalized 
EMP equation (12. 2p holds for constants Bq, . . . , B^ and functions Ao(t), . . . , A7v(t) as indicated in 
Table ICT This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the generalized 
EMP equation (j6.7p and we begin by showing that (Jq) is satisfied. Differentiating the definition 
of R{t) in (16.141) and using the definition in (I6.12P of T{t) shows that 



kit) = -y(r(t))|-V(r(t))f(t) 

q 

= ^-Y{T{t)fl'^Y'{T{t)). 



(6.40) 



Dividing by R{t) gives 



HrH) ''^- III = V'(r(t)). 
R{t) q 



Differentiating the definition ()6.18p of 0(t) and using definition (I6.12P of T{t), we get 

Ht) = V'{r{t))f{t) = e^'{T(t))Y{T{t)). 



(6.41) 



(6.42) 



Using (|6.4ip and (j6.42p . and also the definitions (|6.14p and (|6.19p of R{t) and p{t) respectively, the 
definition (j6.20p oiV o (p can be written as 



V o. 



K 



I) 



2u^d 



-H 



R 



Dk d{d-l)/3^\ 1-2 A 

K 



J12/U 2e2°ii?2/'^'>'/ 2 



.43) 
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The quantity in parenthesis here is in fact equal to the left-hand-side of equation (Iq). To see 
this, we differentiate the definition ()6.17p of Xi{t), divide the result by Xi and use the definition 
dOT]) of Hr to obtain 

Hi =^- — ^ = ^ — -^ = —Hr + ai. 6.44 



Therefore we have 



Y,HiHk = ^I^^Hl + —{ai + ak)HR + aiak] ■ (6.45) 

Kk l<k ^^ ^ ^ 

The first term on the right-hand side of ()6.45p does not depend on the indices /, A;, and is therefore 
equal to -^zj^HJ^ times the quantity 

d fc— 1 d d—1 ,,, ^N 

Kk k=2 1=1 k=2 j=l 

The second term on the right-hand side of (I6.45P sums to zero since 

d-l d d k-1 

Kk 1=1 k=l+l k=2 1=1 

d-1 d 

= ^(d-/)a/ + ^(A;-l)dfc 

1=1 k=2 

d-1 

= {d- l)di + ^(d - j + j - l)aj + {d- l)dd 
i=2 

d 

= {d-i)Y,»i 
1=1 

d 



(d — 1) > ai since ai constant 

1=2 

d 

{d-l)a{t)^ci 



1=2 



3.47) 



where on the last lines, we have used the definition (j6.14p of a/(t) for / € {2,...,d} and the 
condition (I6.15P on the constants q. For the third term on the right-hand side of (I6.45p . we use 
the definitions of a/(t),cr(t),r(t) and R{t) in (|6TD . (1633]) and (f02]) to write 

■ 2 ^I'^k ClCk CiCk 

for I £ {2, ... ,d}. Therefore (j6.45p becomes 

yHiH,= ^-^H],+ y ,;'"\, (6.49) 

Kk 2<Kk< 
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since ai = 0. Then by the condition (j6.15p on the constants q, ()6.49p becomes 



7 ^ HjHk 



Kk 



jd-l) 



Hi 



Dk 



(6.50) 



Using this and the definition (j6.16p of Xi{t) = e°'^R{ty' , the expression (j6.43p for V can now be 
written as 



¥• 



\l<k 



2Xf~ 



^12 A 

2^ "^"k' 



(6.51) 



showing that (Iq) holds under the assumptions of the converse imphcation. 

To conclude the proof we must also show that the equations (/i), . . . , (Id) hold. In the con- 
verse direction the hypothesis of the converse of Theorem 12.1.11 holds, apphed with constants 
N,Bo, . . . , B]\f and functions Ao(t), . . . , AAr(r) as indicated in Table HTJ Since T{t),^{T), R{t) 
and (j){t) defined in (j6.12p . (I6.14p and (I6.18P are consistent with the converse implication of The- 
orem I2.1.1|, applied with a{t),5 and e as in Table 14. H by this theorem and by the definition 
(|6.19p of p{t),p(t) the scale factor equation (j2.ip holds for constants 5,e,AQ,... ,Aj\f and functions 
Go(t), • • • ,G]y{t) according to Table ST] That is, we have regained (I6.36p . Now solving (|6.43|) for 
p{t) and substituting this into (|6.36p . we obtain 



Hr 



—vdn 

JdTT) 
(d-i) 



1 



V 06 + 



D d{d-l)f3^ 



+ P + 



{d-l) 
2v'^dK 



K-^ 



(6.52) 



Multiplying by ^"'^^J^' and rearranging we get 



ud 



{d-l) 



kD 



d{d - l)/32 



^^ ^ \iy^d^^ ^ R^l^ 2e2"ii?2/^rf 



V O (j) -\- p 



+ A 



(6.53) 



The left-hand side of this equation is in fact equal to the left-hand-side of (/j) for any i G {1, . . . , d}. 
To see this, first recall (|6.44p and write 



1 



1 



^' + ^' =Vd^''^vH^ 



Hji + ai + —-aiHji + a, , 
i^d 



therefore for any fixed i 

E(^' + Hf) = Y: i^Hn + -^,Hl + a, + ^-a^Hn + 



The last term on the right-hand side sums to zero since 



af 



3.54) 



(6.55) 





= ^aii-ai- Yl "fc) 
l^i k^i,k^i 




= -Oj^a; -2 ^ djdfc 

l^i Kk 
l,k^i 




k^i l^i Kk 
l,k^i 
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= 0. (6.56) 

Since the first two terms on the right-hand side of (j6.55p do not depend on the indices /, k, and also 
using the definitions (j6.14|) and (j6.15|) of ai and the constants q to write ^^ d^ = =^ J2ij^i '^i ~ 
— dj, (j6.55p becomes 

Y^im + Hf) = ^^Hn + ^^Hl - l^Hna. + ^ a, (6.57) 

By the definitions (I6T1D . (|03D and UiGJTh of ai{t),a{t),T{t) and R{t), 

eVg^y(r(t))iM ^ > 

is a constant (6.58) 



iXiqu 



for / G {2,...,(i}. By Lemma lA.ll with ^u = 1/z^ 7^ 0, which applies since R{t) is a positive 
differentiable function, (j6.58p shows that 

ai + -oliHr = (6.59) 

for all / G {2, . . . , d}. Therefore in total, we have that (j6.55p is 

To form the rest of the left-hand side of (/j), again use (I6.44p to obtain 

HiHk = ^rp^H'^ + —:{ai + ak)HR + aiak, (6.61) 

therefore for any fixed i 

y^ i^^^i^fc ^ ^ ( ~^d^^^ + — i(a/ + afe)^fl + a^afc j ■ 



Kk Kk 



(6.62) 

k ^ ' 

H 

As we saw in (j6.46p . Yli<_k ^ ~ ~2 — therefore the first term on the right-side of (|6.62p . which does 
not depend on the indices /, /c, is equal to -^^R'^ times 

^l.^l_j:i.*^_,._l,.(l^iM^. (0.63) 

Kk l<k l^i 

l,k^i 

As we saw in (j6.47p . ^i^ki^i + ^k) = therefore the second term on the right-hand side of (j6.62p 
sums to -^Hji times 

^(dz+dfc) = ^(d; + dfc) -^(dz + di) 

Kk l<k li=-i 

l,ki^i 
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= -y^g; - (rf- l)ai 

= Oi- (d- l)di 

= (2 - d)ai (6.64) 

where again we have used the definitions (j6.14p and (|6.15|) of ai and the constants ci to write 
Yli^i '^i ~ ~^i- Considering the third term on the right-hand side of (|6.62p . we have that 

^ dzdfc = - ^ d/dfc + (^dfc)(^dz) 

Kk !<fe k^i l^i 

l,k^i l,kj^i 

Kk Ij^i 

l,k=/=i 
Kk 

= - E 02/Zr2/u (6-65) 

2<l<k<d 

where again we have used that X^^^j ai = —ai, and on the last hue we recall (16.48P and also that 
ai is constant. So by (j6.63p . (|6.64p and (j6.65p . in total (j6.62p becomes 

y H^H, = (^ - 'Y' ^^ Hi + ^^a^Hn - V ^^^. (6.66) 

Z^ ' " 2u^d^ "■ vd ^ Q'ili^B?!^ ^ ' 

Kk 2<l<k<d 

l,k=/=i 

By (|6.6Up . (|6.66p and the definition (|6.38p of Xi{t) , the left-hand side of any (/j) Einstein equation 
is 

l^i Kk 1 

l,kf^i 

^ (d-l) . djd-l) , ^ QCfc {d-l){d-2)l3^ 

ud ^ 21/2^2 ^R 2^ 02/guji2/u 2e2"ii?2/^'^ ■ ^ ^ 

2<l<k<d 

Then by the condition (j6.15p on the constants q, ()6.67p becomes 

((i-l)((i-2)/32 



y{Hi + Hl)+yHiHk 

Ij^i Kk 

l,kf^i 



2X 



jd-l) ^ , d{d-l) ^, , Dk (d-l)(ci-2)/32 
- -IJ^^"" + ^^;^d^^^ ^E^- 2e2"iii2/.d • (6-68) 

Therefore by (j6.53p and (j6.68p . we obtain (Ij) for all i G {1, . . . , d}. This proves the theorem. o 
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6.1.1 Reduction to classical EMP: pure scalar field 



We take p = p = D = and choose parameter q = l/du in Theorem 16.1.11 Then q = for all 
2 < i < d and we take ai = so that Xi{t) = ■ ■ ■ = Xfi{t) and by the theorem solving the Bianchi 
V Einstein equations 



\^rrrr ^jd - l)/3^ (/o)' 
2_^J^in.k TTTo — /t 



Kk 



2X1 



-6^ + V o. 



+ A 



(6.69) 



x:w+«f)+E^.«^ - "-'"-'' ""''' '=''-' 



«^j 



Kfc 



2X1 



V o, 



+ A 



for /, A;, i G {1, . . . , d} and 



{^01 )' 



PY,Hi-{d-l)fiH^'=' 0. 

1=2 

is equivalent to solving the classical EMP equation 

Y"{r) + Q{T)Y{T) 



-/3^ 



e^Y{T) 



(6.70) 



(6.71) 



for constant > 0. The solutions of (/q)', (-^i)', • • • , {Id)' and (/qi)' in (|6.69p and the solutions of 
()6.7ip are related by 



R{t) = Y{T{t)) 



def. 



du 



and 



^'{rf 



id -I] 



K 



Qir) 



for 1,^0, cPit) = ip{T{t)), R{t) =^- (Xi(t) • • • Xd{t)r and 

f{t) = eR{t)^/'^^ = 9Y{T{t)) 
for any ^ > 0. In the converse direction 

X,(t) = ii(t)i/-'i 
for 1 < I < d and where V is taken to be 



V{<Pit)) 



d(d-l)02 d{d-l)p^ 



2k 



-{Y' 



2r'\2 



2kY^ 



-y'iv' 



T(t) 



(6.72) 

(6.73) 
(6.74) 

(6.75) 



We now refer to Appendix D with Ai = — /3^/0^ < for solutions of the classical EMP equation 
(j6.7ip . Since by reducing to classical EMP we have taken L) = in (j6.10p , C2 = • • • = c^ = and 
in this case we do not require a{t) from Appendix D. By comparing ()6.73p and (jD.Sp . we note to 
only consider solutions of ()D.5P in Appendix D corresponding to tq = 1. 



Example 40 For 9 = 1 and choice of constants f3 = v = 1, we consider solution 5 in Table [0371 
with do = bo = and cq = ao = 1. That is, we have solution Y{t) = (1 + 2t)^' ^ to the classical EMP 
Y"{t) + Q{t)Y{t) = -l/y(r)3 for Q{t) = 0. By (Pj^ - (HM) we have T{t) = \{{t- tof - l) 
and 

R{t) = Y{T{t)Y = {t-to)'' (6.76) 
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for to S II so that 

Xi{t) = R{tfl'' = {t-t^) 
for 1 < i < d. Since Q{t) = = f'ir), 



(6.77) 



3.78) 



for constant (po G H, and by \6.75 ), \D.30^) and (D. 29\) . we obtain constant potential 

'd{d-l) 



vm)) 



2k 



(Y 



/^2 



1 

72 



A 

K 



OT{t) 



A 

K 



(6.79) 



Since Hi{t) = Xi{t)lXi{t) = l/(t - to) for all I < I < d, Ei<kHiHk = Ei<fe V(i_ " ^o)' = 
(i(d— l)/2(t — to)^ so that Einstein equation (Iq)' is satisfied. Also for any fixed i, Y^i-ti{Hi + Hf) + 
E Kk HiHk = Zi^, + [d{d - l)/2 -{d- 1)] /(t - to)2 = {d- l){d - 2)/2(t - to)2 therefore the 

Einstein equations (li)' for 1 < i < d are also satisfied. Of course, this is a vacuum solution. 



Example 41 For 9 = 1 and choice of constants f3 = 1/ = 1, we consider solution 5 in Table ["DTTI 
with do = oo = 0, 60 = 4 and cq = 1. That is, we have solution Y{t) = (4r(t)^ + 2T(t))"^'^ to 
the classical EMP Y"{t) + Q{t)Y{t) = -l/Y{Tf for Q{t) = 0. By (Eig) - (E2|) we have 
T{t) = i (e2(*-*o) + e-2(*-*o) _ 8) and 



Rit) = Y{T{t)Y 

= lsinh(2(t-to))'^ 



-2(t-to) 



(6.80) 



for any to G R so that 



Since Q{t) = = 9?'(t), 



X,{t) = Rit) 



i/d 



1 



sinh(2(t-to)). 



m =^- ^(rit)) = <Po 



.82) 



for constant <J)q £li and by \6.15 ), /ID.36\) and jD. 35\) . we obtain constant potential 

'd{d-l) 



Vim) 



2k 



(y 



/\2 



1 

y2 



A' 

K 



r{t) 



d{d -1) f 16cos/i2(2(t - to)) - 16^^ A 
V 4sm/i2(2(t-to)) 



2k 
2d{d - 1) A 

K K 



(6.83) 
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Since Hi{t) = Xi{t)/Xi{t) = 2coth{t - to) for all 1 < I < d, T^Kk^i^k = Ei<fe 4cot/i2(t - to) = 
2d{d — \)coth?'{t — to) so that the left side of the Einstein equation (/q)' is 

2d{d - l)coth^{t - to) - 2d{d - l)csch^{t - to) = 2d{d - 1) (6.84) 

hy the identity coth'^{x) — csch^{x) = 1, and therefore (/q)' is satisfied by the solution. Also 
for any fixed i, Ei^i{Hi + Hf) + ^ ,<, HiHk = {d - 1) {-Acsch^{t - to)+Acoth^{t - to)) + 

[d{d - l)/2 -{d- 1)] Acoth^it - to) = 4((i - 1) + 2{d - l)(d - 2)coth^{t - to) therefore the left 
side of Einstein equations {Li)' for 1 < i < d equal 

4((i - 1) + 2{d -l)id- 2)coth^{t - to) - 2{d -l)id- 2)csch^{t - to) 

= 4(d - 1) + 2{d -l){d-2) = 2d{d - 1) (6.85) 

so that (li)' are also satisfied for 1 < i < d. 

6.2 In terms of a Schrodinger-Type Equation 

If one would like to reformulate the Einstein field equations (lo), ■ ■ ■ ,{Id) in (|6.2p in terms of 
an equation with one less non-linear term than that which is provided by the generalized EMP 

d 

formulation, one can apply Corollary 12 . 3 . 1 1 to the difference d{Io) — / {h) (and similar to above, 
define V o (f) va. u— notation to be such that (/q) holds). Below is the resulting statement. 

Theorem 6.2.1 Suppose you are given twice differentiahle functions X\{t), . . . ,Xii{t) > 0, a once 
differentiable function (j){t), and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(lo), . . . , (Id) for some A, /3 E R, d E 1N\{0, 1}, k E IR\{0}. Let g{a) denote the inverse of a function 
a{t) which satisfies 



for some 6 > 0. Then the following functions 

u{a) 



Xi---X, 



o 



g{cj) (6.87) 



P{a) = j^/i^)' (6.88) 

solve the Schrodinger-type equation 

II, N r^ ^/ M / N 6'2(iK(p(cr) +p(cr)) Q'^df?' 

for some a\ E R, 

^(a) = <P{g{cj)) (6.90) 

9{a) = p{g{a)), v{(t) = p{g{cj)). (6.91) 
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and where 



is a constant for 



{d 



' Kk 



def. 



mk = Hi- Hk,l^k,l,ke{l,...,d}. 



(6.92) 



3.93) 



Conversely, suppose you are given a twice differentiahle function u{a) > 0, and also functions 
P{o) and pj(cr),p((7) which solve 116.89]) for some constants E < 0,9 > 0,k £ R\{0},/3,a G K, and 
d £ ]N\{0, 1}. In order to construct functions which solve (/q), . . . , (Id), first find a{t),ip{a) which 
solve the differential equations 



a{t) = lu{a{t)) and i,' {af = -^^-^ 

dtv 



Picj) 



Let 

R{t) = uiait))-" 

where ci are any constants for which both 

d 



E^' = o 



and 



def 

ai{t) = cia{t),l e {1,. . . ,d} 
{d-l)E 



1=1 



Kk 



2d 



Then the functions 



Xi{t) = R{tYl'"^e''\ ai gE 

Xi(t) = i?(t)i/'^V'(*), 2<l<d 

m = i;{a{t)) 

p{t) = p{a{t)), p{t) = p{a{t)) 



and 












vm)) 












= 


r(d-i) {d-i)E 


did-l)P\jf, 
2Ke2°i 


-2,."-(*'r- 


-P- 


A" 

K 



satisfy the equations (Iq), ■ ■ ■ ,{Id) in (E3 



(6.94) 
(6.95) 

(6.96) 

(6.97) 

(6.98) 

(6.99) 

(6.100) 



ait) (6.101) 



Proof. This proof will implement Corollary 12. 3. II with constants and functions as indicated in the 
following table. 
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Table 6.2: Corollary 12.3.11 applied to Bianchi V 



In Corollary 



a{t) 
Git) 

Giit) 

G2{t) 

F,{a) 

F2{a) 



substitute 



In Corollary 



R{t) 

constant vE/O'^ 

0r)ipit)+Pit)) 

constant —vdfi'^e^'^'^^ 

^(p(a)+p(a)) 
constant e^dp^e''^''^ 



substitute 



e 


vdK/{d — 1 


A 


2/v 


Ai 





A2 


2/vd 


Ci 


1 


C2 


1-2/d 



Much of this proof will rely on computations that are exactly the same as those seen in the 
proof of Theorem 16.1.11 (the generalized EMP formulation of Bianchi V) . Therefore we will restate 
the relevant results here, but point the reader to the details in the proof of Theorem 16.1.11 

To prove the forward implication, we assume to be given functions which solve the Einstein 



i=l 



field equations (Iq), • • • 1 {Id) in (|6.2|) . Forming the linear combination (i(/o) — /^(-^j) of Einstein's 
equations and simplifying, as was done in (j6.21|l - (16.311) . 

^ s~^ 2 vdj3'^ —udK r 

where 



X! 



id -I) 



+ {P + P) 



(6.102) 



^««'-'H-E'^. 



1=1 



and 



ii(t) =^-(Xi(t)...Xrf(t)r 



(6.103) 



(6.104) 



for any v ^ 0. Next we will confirm that E is constant. As was done in (I6.32l) - (l6.35p . since the 
right-hand sides of Einstein's equations (/j) are the same for all i £ {1,... ,d}, by equating the 
left-hand sides of any two equations (Ij) and {Ij) for i j^ j, and after some rearranging we obtain 



■Hij + -rjijHR = 



(6.105) 



for r]ij defined in ()6.93p . Therefore the definition (j6.92p of E is constant, being proportional to a 
sum of squares of these constant functions. By the definitions (|6.92p and (j6.104p of the constant E 
and the function R{t), we now rewrite (I6.102P from above as 



Hr + 



ud(3^ 



—vdn 



+ {p + p) 



+ 



vE 



(6.106) 
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Finally, we use the remaining Einstein equation (/qi) and the relation Hji = v 2^ Hi in (J6.103P to 
obtain 



1=1 



so that again we have 
for ai gM, and (|6.106p becomes 

Hr 



Hr = vdHi 



udn r 



(d-l)L 



+ {P + P) 



+ 



vE 



t/d/32 



Q2Jl2/v ^2aiJl2/vd' 



(6.107) 
(6.108) 

(6.109) 



This shows that R{t), (f){t), p{t) and p{t) satisfy the hypothesis of Corollary 12.3. 11 applied with con- 
stants £,N,A,Ai . . . , An and functions a{t), G{t), Gi{t), . . . , GAr(t) according to Table 16.21 Since 
a{t),u{a),P{a) and ^(a) defined in (16:86]) . dESID, (|6^ and H^Mh are equivalent to that in the 



forward implication of Corollary 12.3. H applied with constants and functions according to Table 16. 2^ 
by this corollary and by definition (j6.9ip of p(o"),p(o"), the Schrodinger-type equation (j2.110p holds 
for constants Ci, . . . , Cn and functions Fi{a), . . . , -F/v(cr) as indicated in Table [621 This proves the 
forward implication. 

To prove the converse implication, we assume to be given functions which solve the Schrodinger- 
type equation (|6.89p and we begin by showing that (Iq) is satisfied. Differentiating the definition 
of R{t) in (16.951) and using the definition in (I6.94p of cr(t), 



m 



Dividing by R{t), 



-uu{a{t))-''-'u'{a{t))&{t) 



def. R V , 



Differentiating the definition (|6.99p of 0(t) and using the definition in (|6.95p of (j{t), 

m=^'{<yit))d{t) = y{a{t))u{cy{t)). 



(6.110) 



(6.111) 



(6.112) 



Using (|6.11ip and (|6.112p . and also the definitions (|6.95p and (|6.100p of R{t) and p{t) respectively, 
the definition (|6.10ip oiV o cp can be written as 



V o, 



{d-l) 2 . {d-l)E _ d(d-l)/3^ 
2u'^d ^ 2de^R'^/^ 2e2"ii?2/^'i 



1 - 



A 

P • 



(6.113) 



The quantity in parenthesis here is in fact equal to the left-hand-side of equation (/q). To see this, 
first note that the definitions Xi{t) '^= R{tY/'"^e°'^^^ in ^Wif and H{t) '^= ||| in (leTTTT) . and the 
condition ^^ q = 0, are the same as those in Theorem 14. 1.1[ Also by the definitions (|6.95p . (|6.94p 
and ()6.95p of ai{t),(j{t) and R{t), we obtain 



a^Ofc = QCfcO- 



9^ 



{u o ay 



ClCk 



e^Rity/'^' 



(6.114) 
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which is a shghtly modified version of (j6.48p from our computation in the proof of Theorem 14. 1.11 
Therefore by the arguments in ()6.45p - ()6.49|) . and using ()6.114p to slightly modify the last term to 
apply here, 



j:H,H,=^^tsH^ 



2v^d 



R 



02f>2/u ■ 



(6.115) 



l<k l<k 

Then by the condition (I6.96P on the constants q, (I6.115P becomes 



Kk 






2u^d 



2d9^R^/'' ' 



(6.116) 



Using this and the definition (j6.97p of Xi{t) = e"^R{t)^''^'^, the expression (J6.113P for V can now 
be written as 



y. 



" \i<k 



d{d-l)/3^ 



U'-P 



A 



(6.117) 



showing that (/q) holds under the assumptions of the converse implication. 

To conclude the proof we must also show that the equations (/i), . . . , (1^) hold. In the con- 
verse direction the hypothesis of the converse of Corollary 12.3.11 holds, applied with constants 
N,Ci, . . . , Cn and functions Fi{a), . . . , -F/v((t) as indicated in Table [6T2l Since a{t)^ilj{a),R{t) and 
(j){t) defined in ()6.94p . ()6.95p and ()6.99p are consistent with the converse implication of Corol- 
lary 12.3.11 applied with a{t) and e as in Table 16.21 by this corollary and by the definition (j6.100p 
of p{t),p{t) the scale factor equation (J2.109I) holds for constants e, A, Ai, . . . ,An- and functions 
G{t),Gi{t), . . . ,Giy{t) according to Table [6T2l That is, we have regained ()6.109p . Now solving 
(j6.113p for p{t) and substituting this into (j6.109p . we obtain 



Hr 



—udn 



1 :^ 



Vo6 + 



{d-l)E d{d-l)/3^ 



2de^KR'^/'' 2Ke2"ii?2/'^a! 



+ p 



id -I) 
2u^dK 



H 



A' 



R 



+ 



vE 



udp"^ 



Q2^2/v g2ai^2/i.d- 



(6.118) 



Multiplying by ^ ^^ ' and rearranging. 



ud 



Hr 



{d-l) 

2l/2(i 



Hi 



{d-l)E {d-l){d-2)/3^ 
2d02^2A7 2e2"ii?2/'^a! 



V o (j) + p 



+ A. 



.119) 



The left-hand side of this equation is in fact equal to the left-hand-side of (Jj) for any i G {1, . . . ,d}. 
To see this, again we use that the definitions Xi{t) '^= i?(t)V^rfe"'(*) in ([OHD and HrH) '^= ^ 
in (j6.11ip . and the condition '^iCi = 0, are the same as those in Theorem 14.1.11 Also by the 
definitions (j6.95p and (|6.94p of ai{t),a{t) and i?(t), we obtain 



amRitf'" 



cia{t)R{tf''' 
^uia{t))R{ty/' 
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= TT ^^ ^ constant, (6.120) 

u 

which shows that 

ai + ^aiHR = (6.121) 

holds here, as it does in Theorem 14. 1.1[ Therefore by the arguments in (J6.54p - (j6.67p . and as above 
using ()6.114p to shghtly modify the last term of (I6.67P to apply here, 

l^i Kk l<k 

l,k=/=i 

Then by the condition (j6.96p on the constants q and the definition ()6.97p of Xi{t), the left-hand 
side of any Einstein equation {Ii),i > is 



b*,+^?,+sh,^.-(i^4(^^ 



l^^i Kk 



2X 



_ (^-l) ^ , (rf-l) ^2 (^-l)-g (ci-l)(^-2)/32 
Combining (|6.119p and (|6.123p . we obtain (Ij) for all i G {1, . . . , d}. This proves the theorem. o 



6.3 In terms of an Alternate Schrodinger-Type Equation 

Theorem 6.3.1 Suppose you are given twice differentiahle functions Xi{t), . . . ,Xii(t) > 0, a once 
differentiahle function (j){t), and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(lo), . . . , {Id) in (KM for some A, /3 G R, d G ]N\{0, 1},k £ ]R\{0}. Let g{a) denote the inverse of 
a function a{t) which satisfies 

-"> = .(x.(»'..x.,(») <"^'' 



for some 9 > 0. Then the following functions 

1 



u{a) 



Xi- ■ ■ Xd 



g{a) (6.125) 



"'^ ;// \2 



solve the Schrodinger-type equation 

(a — l)u{a) uu^a)^ '^ 

for some ai G R, 

i;{a) = <P{g{cj)) (6.128) 

P(ct) = p{g{a)), p(a) = p{g{a)). (6.129) 
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and where 
and 

is a constant for 



^'^|/-_^2^/3V2°SaiGR 






{d 



vfk 



Kk 



def. 



7]ik = Hi-Hk,l^k,l,ke{l,...,d}. 



(6.130) 
(6.131) 

(6.132) 



Conversely, suppose you are given a twice differentiahle function u{(t) > 0, and also functions 
P{(j) and p(cr), p((t) fwhich solve 16.121^ for some constants E < 0,6 > 0,k G IR\{0}, /3, a G IR and 
d G 1N\{0, 1}. In order to construct functions which solve (Iq), ■ ■ ■ , {Id), fi-fst find a{t),ij){a) which 
solve the differential equations 



a{t) = \u{<j{t)) and ^'{af = ^^—^ 

a dK 



Pia). 



Let 

R{t) = uiait))-" 

where ci are any constants for which both 



def. 



ai{t) = cia{t),l £{!,... ,d] 

32, 



1=1 



Then the functions 



= 


and 


Kk 


\a — 1)0 u 


^^ ~ 2dv 


Xi{t) 


= Rit)' 


/ud^ai 


ai GR 


Xiit) = 


Rit)^^"" 


e"'W, 


2<l<d 




Ht) = 


i;{a{t)) 




p{t) = 


p(a(t)) 


p{t) = 


p(a(t)) 



(6.133) 
(6.134) 

(6.135) 

(6.136) 

(6.137) 
(6.138) 
(6.139) 



and 

vm)) 








r(d-i) , {d-i)D 

{ 2eHK ^ ' ' 2dvK 


d{d-l)f3^ 
2Ke2°i 



,2/rf 



2^„;,/\2 



202 



U^{ip' 



A' 



a{t) (6.140) 



satisfy the equations (Iq), . . . , (I^)- 



Proof. This proof will implement Corollary 12.3.11 with constants and functions as indicated in the 
following table. 
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Table 6.3: Corollary 12.3.11 applied to Bianchi V, alternate 



In Corollary 



substitute 



In Corollary 



substitute 



ait) 
Git) 

Giit) 

G2it) 

F,ia) 

F2i<y) 



Rit) 

constant — vdj3'^e~'^'^^ 

0r)ipit)+Pit)) 

constant D 

0^ipia) + pia)) 
constant —6'^D/v 



e 


udn/id - 


-1 


A 


2/vd 




Ai 







A2 


2/v 




Ci 


1 




C2 


l-d 





Much of this proof will rely on computations that are exactly the same as those seen in the 
proof of Theorem 16.1.11 (the generalized EMP formulation of Bianchi V) . Therefore we will restate 
the relevant results here, but point the reader to the details in the proof of Theorem 16.1.11 

To prove the forward implication, we assume to be given functions which solve the Einstein 



field equations (/o)i • • • 1 ild) in (16. 2p . Forming the linear combination (i(/o 
equations and simplifying, as was done in (j6.2ip - (|6.31|) . 

udfi"^ —vdn 



d 

E 



Hr + 



id -I) 



T)T. 



vfk + 



where 



and 



Kk 



HRit) 



A 



(d-l)L 



+ (P + P) 



(/j) of Einstein's 



.141) 



dej. Rit) 

Rit) 



d 

1=1 



■Y.Hi 



Rit)^'d-ix,it)---Xait)y 



(6.142) 



(6.143) 



for any v ^ Q. Next we will confirm that D is constant. As was done in (|6.32p - (j6.35p . since the 
right-hand sides of Einstein's equations (/«) are the same for all i G {I,... ,d}, by equating the 
left-hand sides of any two equations (/j) and (/j) for i ^ j, and after some rearranging we obtain 



Vij + -riijHR = 



(6.144) 



for rjij defined in ()6.132p . Therefore the definition ()6.13ip of D is constant, being proportional to a 
sum of squares of these constant functions. By the definitions (j6.13ip and (|6.143p of the constant 
D and the function Rit), we now rewrite ()6.14ip from above as 



Hr + 






-vdK r 



id -I) 



+ {p + p) 



+ 



D 



5.145) 
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Finally, we use the remaining Einstein equation (/qi) and the relation Hji = v 2^ Hi in (j6.142p to 
obtain 



1=1 



so that again we have 

for ai G IR and (I6.145P becomes 

-vdK 



Hr = udHi 



Hr 



{d-l) 



M 



+ ^{pi+Pi) 



i=l 



+ 



D 



vdp"^ 



p2o 



i?2/ 



ud ' 



(6.146) 
(6.147) 

(6.148) 



This shows that i?(i), (p{t), p{t) and p{t) satisfy the hypothesis of Corollary 12.3. 11 applied with con- 
stants e, A^, ^, ^1 . . . , Atv and functions a{t), G{t), Gi{t), . . . , G^it) according to Table 16. 3i Since 
a{t),u{a),P{a) and i){a) defined in (lelJiD . (l6T25]l . (f026]l and (f028D are equivalent to that 
in the forward implication of Corollary 12.3.11 applied with constants and functions according to 
Table [631 by this corollary and by definition (J6.129P of p{a),p{a), the Schrodinger-type equation 
(j2.110p holds for constants Ci, . . . , Cj\f and functions Fi{a), . . . , Fj\f(a) as indicated in Table 16.31 
This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the Schrodinger- 
type equation (I6.127P and we begin by showing that (Iq) is satisfied. Differentiating the definition 
of R{t) in (|6.134p and using the definition in ()6.133p of a{t), 



m 



-uu{a{t))-''-'u'{a{t))&{t) 



Dividing by R{t), 



Hr 



def. R 

R 



-u'iait)). 



Differentiating the definition (|6.138p of ^(t) and using the definition in (|6.134p of cr{t), 



(6.149) 



(6.150) 



(6.151) 



Using (|6.150p and (|6.15ip . and also the definitions (j6.134p and (|6.139p of R{t) and pi{t) respectively, 
the definition ()6.140p of F o i;^ can be written as 



Fo 






>-p- 



A 



.152) 



The quantity in parenthesis here is in fact equal to the left-hand-side of equation (/q). To see this, 
first note that the definitions Xi{t) '^= i?(i)V^rfe°'(*) in (|6T37]) and H{t) '^= ^ in ([6T50D . and 
the condition ^^ q = 0, are the same as those in Theorem 14.1.11 Also by the definitions (|6.134p . 
(16.1331) and (|6.134p of ai{t),a{t) and R(t), we obtain 



aictk = ciCkCr 



9^ 



{u o ay 



ClCk 



e'^R{tfi^' 



(6.153) 
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which is a shghtly modified version of (j6.48p from our computation in the proof of Theorem 14. 1.11 
Therefore by the arguments in ()6.45p - ()6.49|) . and using ()6.153p to slightly modify the last term to 
apply here, 



7 ^HiHk 



{d-l) 



H 



R 



E 



02J12/U ■ 



l<k l<k 

Then by the condition ()6.135p on the constants q, (j6.154p becomes 



7 ^HiHk 



Kk 



{d-l] 



Hi + 



{d-l)D 



(6.154) 



(6.155) 



Using this and the definition ()6.136p of Xi{t) = e°^i?(t)^''^ , the expression ()6.152p for V can now 

be written as 

did- 1)13'^ \ 1-2 
' —c 
2 



V o. 



;(E«'^' 



a<fc 



2X1 



A 

P > 

K 



(6.156) 



showing that (/q) holds under the assumptions of the converse implication. 

To conclude the proof we must also show that the equations (Ii ),..., (I^) hold. In the 
converse direction the hypothesis of the converse of Corollary 12.3.11 holds, applied with constants 
N,Ci, . . . ,Cn and functions Fi((t), . . . , F/v((t) as indicated in Table [631 Since a{t),tp{a), R{t) 
and (j){t) defined in (j6.133p . (j6.134p and (|6.138p are consistent with the converse implication of 
Corollary 12.3. H applied with a{t) and e as in Table 16.31 by this corollary and by the definition 
(J6.139P of p{t),p{t) the scale factor equation (J2.109P holds for constants e,A,Ai,...,Aiy and 
functions G(t),Gi{t), . . . jG^it) according to Table ESI That is, we have regained (16.148p . Now 
solving (j6.152p for p{t) and substituting this into (|6.148p . we obtain 



Hr 



—vdn 
Jd^ 



(d-l) 



V 06 + 



{d-l)D d{d-l)/3^ 



2duKB?l'' 2Ke2"ii22/;^rf 



+ p 






A 



+ 



udp^ 



D 



Jl2/u g2aij^2/ud' 



Multiplying by ^"-^jj^ and rearranging. 



id -I] 
vd 



Hr + 



id - 1) ^2 
2u^d 



R 



{d-l)D (d-l)(d-2)/32 
2dvR'^/^ 



2g2ai^2/i/d 
1 



V O (j) + p 



+ A. 



(6.157) 



(6.158) 



The left-hand side of this equation is in fact equal to the left-hand-side of (/j) for any i S {1, . . . , d}. 
To see this, again we use that the definitions Xi{t) '^= i?(i)V^rfe°'(*) in (I6T37D and HR{t) '^= gg 
in (j6.150p . and the condition Xl/ '^^ ~ 0' ^'^^ the same as those in Theorem 14.1.11 Also by the 
definitions (|6.134p and (16.133P of ai{t)^a{t) and -R(i), we obtain 



ai{t)R{tf''' 



ci&it)R{ty/'' 
^lu{a{t))R{tfl'' 
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= TT ^^ ^ constant, (6.159) 

u 

which shows that 

ai + -aiHn = (6.160) 

holds here, as it does in Theorem 14. 1.11 Using the arguments in ()6.54p - (|6.67p and also using (J6.153P 
to slightly modify one term in (I6.67P to apply here, we obtain 

E(«' + «?) + E "'>^^ = ^«H + ^^« - E ^. ("«!) 

l^i Kk l<k 

l,k=/=i 

Then by the condition (J6.135P on the constants q and the definition (J6.136P of Xi (t) , the left-hand 
side of any Einstein equation (/j), i > is 

l^i Kk 1 

_ {d-l) ^ , (^-1) ^2 (^-1)^ ((i-l)(d-2)/?2 
Combining (|6.158p and (|6.162p . we obtain (/j) for alH G {1, . . . , d}. This proves the theorem. 
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Chapter 7 

Reformulations of a conformal 
Bianchi V model 



We now consider a Bianchi V metric of the form 



\d J4.2 



ds' = - {a2{t) ■ ■ ■ aS)) dt' + (a2(t) • • • ad{t))dxi + at\t)e'^'''dxi + 



+ 4-\t)e'^^^dxl (7.1) 



which represents a change of coordinate systems in comparison with Chapter 4. In a d + 
1— dimensional spacetime the nonzero Einstein equations g^^Gij = —ng'^^Tij + A, multipHed by 
boo I = (02 • • • aa^ and j^, are 

d 

Y, Hf + {d+l)Y, HiHk - 2dp\a2 ■ ■ ■ adf-^ 

1=2 Kk 



(/()) 4k 



id -I) 



+ (02 



yo0+p+ 



A 



(7.2) 



1=2 



Y, mi - Hf) - (d + 1) ^ HiHk - 2{d - 2)p\a2 ■ ■ ■ aaf-^ 



Kk 



(h) 4:K 



1=2 



(d-l) 

f 

Jd 



+ ia2---ad)'^ (vo(l)-p+-\ 



^ 2d " 



2Hi -YHf + ——-YHi - {d+l)Y,HiHk - 2{d-2)f3\a2 • • • a^) 
'^ ^' ■ ^ Kk 



d-l 



1=2 



ih) 4k 



(d-l) 



- + (a2 



V O (j) — p-\ — 



def. 



where Hi{t) ^- ^ and i,l,k £ {2, . . . , d}. 
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7.1 In terms of a Generalized EMP 

Theorem 7.1.1 Suppose you are given twice differentiahle functions a2{t),... ,ad{t) > 0, a once 
differentiahle function (p{t) and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(/o), . . . , (Id) in (Tg) for some A G ]R,d G ]N\{0, 1}, and k G ]R\{0}. Denote 

R{t)''li-{a2{t)as{t)---ad{t)r (7.3) 

for some u ^ 0. If f{T) is the inverse of a function T{t) which satisfies 

f{t) = eRity+^, (7.4) 

for some constants 9 > and q ^ 0, then 

Y{r) = RifirW and Q{t) = ^^^f'irf (7.5) 

solve the generalized EMP equation 

Y"(r) + Q(r)Y(r) = ^^^^-'^^^ '^.S!^ 2g..(g(r) + p(r)) 

for 

^(r) = c/>(/(r)) (7.7) 

e{T)=p{f{T)), p{r)=p{f{T)). (7.8) 

^ ' 3<l<k<d j=3 

where //j G R are such that ai{t) = a;je^**a2(t) for some Wj G R, i G {3, . . . , d}. 

Conversely, suppose you given a twice differentiahle function Y{t) > 0, a continuous func- 
tion Q{t) and also functions q{t),p{t) which solve |7. 6p for some constants 9 > and q,u,K G 
R\{0},L G R, (i G ]N\{0, 1}. In order to construct functions which solve (Iq), . . . , (Id), fifst find 
T{t),ip{T) which solve the differential equations 

f (t) = 0y(r(t))(2'?^+'^)/2g'^ and (^'(t)^ = fc^Q(r). (7.10) 

2quHi 

Next find constants fj-i,i ^ {3, . . . ,d} which satisfy 

2 '^ 

^ = 7^3^ Yl I'll'k-Yfi'j, (7.11) 

^ ' 3<l<k<d i=3 

and let 

R{t) = y(r(t))i/^. (7.12) 

Then the functions 

a2{t) = i?(t)i/'^(^-i) (a;3 • • • a;rfe('^^+-+^'*)*)-i/("'-i) (7.13) 
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and 



ai{t)=ujie^'^^a2{t) 








(7.14) 


m = Vir{t)) 








(7.15) 


pit) = girit)), Pit) = 


= PKi)) 






(7.16) 


\id-l) fdO' , id-2)L 4d/32\ 
8k Wu^^ ' ydl^v Y^lnv) 


-%Wfy'- 


A' 

- g 

K 


or(t) 


(7.17) 



VicPit)) 



satisfy the Einstein equations ilo), ■ ■ ■ , (/d) for any uji > 0,2 < i < d. 



Proof. This proof will implement Theorem 12.1.11 with constants and functions as indicated in the 
following table. 



Table 7.1: Theorem 12.1.11 applied to conformal Bianchi V 



In Theorem 


substitute 


In Theorem 


substitute 


ait) 


Rit) 


N 


2 


6 


-d/2v 


e 


2uK/id-l) 


Goit) 


constant z^(d — 2)L/2 


Ao 





Giit) 


0^{pit)+Pit)) 


Ai 


-d/u 


G2it) 


constant —2u/3'^ 


A2 


-id-l)/v 


Ao(t) 


constant qi'id — 2)L/26 


Bo 


id + qv)/qv 


Ai(t) 


Wwh{Q{r)+piT)) 


Bi 


1 


A2(t) 


constant -2qvf3'^/e'^ 


B2 


il + qv)/qv 



To prove the forward implication, we assume to be given functions which solve the Einstein 
field equations (Iq), . . . , (I^) in (|7.2p . Since the right-hand sides of Einstein equations (Ij) are the 
same for all i £ {2, . . . , d}, we begin by equating the left-hand side of (I2) with the left-hand side 
of any (Ij) for j £ {3, . . . ,d}. After dividing by 2, we obtain 



Integrating, we obtain 



Hj - H2. 



Hj — H2 + /J.J 

def. 



for fij G R, J G {2, . . . ,d} and where fi2 = 0. Since in general ^ ln(ai 
written 

:^Haj) = — ln(a2) + /ij. 



Integrating, 



dt ^ ■" dt 

In(aj) = ln(a2) + /Ujt + c^- 



(7.18) 

(7.19) 
^ = Hi, (TrTQl) can be 

(7.20) 
(7.21) 
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for some Cj G R, j G {2, . . . ,d} and where c'^ = 0. Exponentiating and letting Wj =' e'^' > 0, 



aj{t) =ojje^i*a2{t), 
i = 2 where uj2 = 1 c 

d 

Forming the hnear combination (i(/o) — / {h) of Einstein's equations, 



where of course this holds trivially for j = 2 where W2 = 1 and /X2 = 0. 

d 



i=l 



2d Y^ (Hf - Hi) + 2did +1)Y^ HiHk - Ml3\a2 



■ad) 



\d-l 



1=2 



Kk 



Using the definition (|7.3|) of R{t), we define 



02 + (as • • • ad^ip + p) 



Hr 



def. R 

R 



v{a2 ■ ■ ■ ad{t)y (Q2 • • • Qd H h a2 • • • Qd) 

{a2---adY 
d 

i=2 
d 

u^iHi + fij) 
i=2 



therefore we have that 



and 



By equation (|7.19p we obtain 



H. 



v{d 



^^^-(d^g^^- 



Ho 



1 



^{d-l. 



-Hr. 



Y HiHk = Y^H2 + fii){H2 + fik) = Y^Hl + {ill + iik)H2 + W^fc) 

l<k l<k l<k 



(7.22) 



(7.23) 



(7.24) 

(7.25) 
(7.26) 

(7.27) 



for l,k €z {2, . . . , d}. The first term on the right-hand side of ()7.27p does not depend on the indices 
I, k and therefore is equal to ff| times 



d k-l 



d-2 



Kk k=3 1=2 k=3 j=l 



{d-l){d-2) 



(7.28) 
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The second term on the right-hand side of (j7.27p sums to H2 times 

d-l d d fc-1 



Kk 1=2 k=l+l k=3 1=2 

d-l d 

"^ ik 
=2 fc=3 

d-l 



1=2 fc=3 

d-l 

{d - 2)^2 + ^{d -j+j- 2)fij + (d - 2)/id 
i=3 

d 

{d-2)Y,l^j- (7.29) 

i=2 



Therefore (|7.27p becomes 

d 



J2 HiH, = ^" ''^"^ ^' Hi + {d- 2)H, Y.f^J+H W^'^- (7.30) 

Kk 3=2 Kk 



By (j7.25p and (j7.26p . we also have that 

(d-l)(d-2) / 1 



( 1 ^ d \ d 

V ^ '' '^ ' j=2 J j=2 Kk 

Cohecting terms (the Hr terms sums to zero), 

^ 2.2(d-l) « 2(d-l)|^^^'^^^ ^^^^^' 

Also we have that 

yj=2 J Kk 3=2 

for /, A; G {2, . . . , d} therefore (I7.32P becomes 



Defining the quantity 



2.V-1) "'(''-Dfe"™ -M -.,-_, 



def. Z sr-^ sr-^ 



Kk 3=2 
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(d-2) 



X] WAifc ~ X] *"? (^^'^'^^ /"2 = 0), 



3</<fc<d 

we can now rewrite equation (|7.34p to say that 



Y^HiHk 



{d-2) 



i=3 



Hi + 



(d-2) 



Kk 



2v-^{d-l) " 2(d-l 



L. 



(7.35) 



(7.36) 



Similarly by (17181) . (17191) . (17:25]) . ([726]), ([7:33]) and ([735]), we have that 

d d 



1=2 



1=2 

(d - 1)H2 

V 



(7.37) 



and also 



a a 

1=2 1=2 

d d 

= {d-l)Hl + 2H2Y,f^i + Y.fi 

1=2 1=2 

' \j=2 I 1=2 



{d 



v^{d-l) "■ {d 



1 



1/2 (d-1) 
1 



-H 



{d-2) 



R 



-H 



{d 



{d-2) 



W/^. + 7^3T)E^^ 



Rfc 



(^-l)t 



l/2(d-l) ^ (d-1)' 



(7.38) 



That is, the linear combination (i(/o) — ^.(-^i) of Einstein equations in (17.23P can be written in 



j=i 



terms of R and Hr by using (I5.35P , (I7.37P and (I7.38P so that we obtain 



d 



2d 



Adu 



H% + d{d-2)L--HR-Adp'R^^-^^/'' - .^ . 
v^ V (d — 1) 



Multiplying by -^, 



d 
2^' 



Hr - 7:-i?R 



i^{d-2) 



L + 2i//32i?('i-i)/'^ 



—2iyK 



02 + i?'^/-(p+p) 



02 + i?^/-(p + p) 



(7.39) 



(7.40) 
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This shows that R(t) , (f){t) , p{t) and p{t) satisfy the hypothesis of Theorem 12.1.11 apphed with 
constants e,e, N, Aq, . . . ,Aiy and functions a(t), Go(t), . . . , GAr(t) according to Table EU Since 
T{t),Y{T),Q{T) and (p{t) defined in (j7.4p . (|7.5p and (|7.7p are equivalent to that in the forward 
implication of Theorem l2.1.1l by this theorem and by definition ()7.8p of q{t),p{t), the generalized 
EMP equation (j2.2p holds for constants Bq, . . . , B^ and functions Ao(t), . . . , Ajv(r) as indicated in 
Table EH This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the generalized 
EMP equation ()7.6p and we begin by showing that (Jq) is satisfied. Differentiating the definition 
of R{t) in ([71^ and using the definition in (f7l0|) of T{t), 

m = iy(r(t))i-V'(r(t))f(t) (7.41) 



Dividing by i?(t), 



= -F(r(t))^(^+'^/^''¥'(r(t)) (7.42) 

q 

Hnit) '^=i- §^ = ^-Y{r{t)r/''"^Y'{rm (7.43) 

K[t) q 

Differentiating the definition (|7.15p of 0(t) and using definition (j7.10p of T{t), 

4>{t) = ^'{T{t))f{t) = e^'{T{t))Y{T{t)f+'i^^r (7.44) 

Using (j7.43p and (j7.44p . and also the definitions (|7.12p and (j7.16p of R{t) and p{t) respectively, the 
definition (j7.17p oiV o (p can be written as 



V 



jld/p 



id -I) f d . {d-2 



-L-2d/32i?('^-i)/-')-^ 



p--. (7.45) 

K 



The quantity in the inner parenthesis here is in fact equal to the left-hand-side of equation (Iq). 
To see this, we differentiate the definitions in (j7.13p and (|7.14p of ai{t), divide the results by ai{t), 
and use the definition ()7.43p of Hfj to obtain 

H2 '=^- ^ = -r^Hn - j^r^Aps + ■ ■ ■ + Pd) (7.46) 

02 u(d — 1) (a — 1) 



and 

def. di 
Hi = — = 

0-2 



Hi = — = \- pi = H2 + Pi (7.47) 



def. 

for i G {2, . . . , d} by taking p2 = 0. Therefore we obtain 

H, = H2 = —^—-Hr. (7.48) 

v{a — 1) 

This confirms that the identities (I7.18|) . (I7.19p . ()7.25p and ()7.26p hold in the converse direction, so 
that the computations (|7.27p - (j7.38p are also valid in the converse direction for L in (j7.1ip . That is, 

y HiHu = ^^T^'^K hI + ^T^L (7.49) 

^ 2i/2(d_i) « 2{d-l) ^ ' 
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and 



T.^^ 



1=2 



U^{d-1) 



H 



R 



id -2) 
(d-l) 



L 



which shows that the left-hand side of (Iq) is equal to 

d 

Y^ Hf + {d+l)Y, HiHk - 2d(3^{a2 ■ ■ ■ aaf'^ 



1=2 



Kk 



(7.50) 



4-,Hl+^^^L-2dfi'R^'-^~^l^ 



therefore (I7.102P can be written V o (^ 

d 



1 



J12/U 



^^ ^^ (j2Hf + id + l)Y,HiH,-2df3^{a2---a,r'A-^ 



4k 



-.1=2 



Kk 



A 

P 

K 



(7.51) 
(7.52) 



(7.53) 



so that (Iq) holds. 

To conclude the proof we must also show that the equations (/i), . . . , (Id) hold. In the con- 
verse direction the hypothesis of the converse of Theorem 12.1.11 holds, applied with constants 
N, Bq, . . . , B]\f and functions Ao(t), . . . , AAr(r) as indicated in Table [5Tl Since T{t),ip{T), R{t) 
and (/>(t) defined in (j7.10p . (17.12^ and (I7.15P are consistent with the converse implication of The- 
orem I2.1.H applied with a{t),5 and e as in Table 17.11 by this theorem and by the definition 
(I7.16P of p{t),p{t) the scale factor equation (12. Ij) holds for constants 6,e,AQ,... ,An and functions 
Go{t),. . . ,G]y{t) according to Table ETJ That is, we have regained equation ()7.40p . Now solving 
(|7.45p for R'^/''p{t) and substituting this into (|7.40p . we obtain 



Hr 



d_ 
2^' 



H 



R 



v{d-2) 



L + 2zy^2^('^-i)/'^ 



— 2VK 

JdTT) 



^ (d-2) 

2 4k 



d rr2 

2^^« 



(d-2) 



L - 2d/32i?(^-i)/M + R'i/'^ (-V o (/> + p - - ] 



(7.54) 



Collecting terms, multiplying the equation times -, and using that by definitions (j7.13p and (j7.14p 
of 02, ... , ad we have that R = (a2 • • • ctdY, 



-Hr - i^Hl 



^^-^L - 2(d - 2)/32i?('^-i)A 



-4k 



(d-l) 



+ {a2---adf[-Vo(j) + p 



A 



(7.55) 



The left-hand side of this equation is in fact equal to the left-hand side of each of the Einstein 
equations (/i) and (Ij) for z G {2, . . . ,d}. To see this, we use (|7.48p - (|7.50p to obtain 



a 

Y, {m - Hf) -{d+l)Y, HiHk - 2{d - 2)p\a2 ■ ■ ■ adf-' 



1=2 



Kk 
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Inn - ^^Hl - ^-^L - 2(d - 2)/32ii('^-i)/- 



(7.56) 



and 



2d 



2H,-Y,Hf + —-—Y,Hi-{d + l)Y,HiH,-2{d-2)(3\a2---a,] 

Kk 



d-l 



1=2 



1=2 



id-2) 



-^^-^^/?-^ 



L - 2((i - 2)/32i?('^-i)/^ 



(7.57) 



for i G {2, . . . , d}. By (j7.56p and (|7.55p equation (Ii) holds, and by (j7.57p and (j7.55p equation (Ij) 
holds for i E {2, . . . ,d}. This proves the theorem. o 



7.1.1 Reduction to generalized EMP with classical term 



We take p = p = and choose parameter q = l/2z^ in Theorem 17.1.11 to find that solving the 
Bianchi V Einstein equations 



Y^ Hf + {d + l)Y, HiHk - 2dp\a2 ■■■ad, 
1=2 Kk 



d-l 



(loY 4k; 



(d-l) 



Y + (a2 • • • aa)'' (y°<t> + ^ 



(7.58) 



^ (2Hi - Hf) -{d+l)Y, HiHk - 2{d - 2)/32(a2 ■ ■ ■ a^) 

1=2 Kk 



d-l 



(/i)' 4k 



(d-l) 



-^ + {a2---adT[Vo4> + - 



2d 



2Hi -^Hf + ■—— Y^Hi-{d+l)Y^ HiHk - 2{d - 2)p\a2 ■ ■ ■ aaf-^ 



1=2 



{d-l)i 



Kk 



(d-l) 



+ {a2---adT[Vo 



A 



is equivalent to solving the classical EMP equation 



Y"{t) + Q{t)Y{t) 



0" 



(d-2)L 



(7.59) 



for constants 6*, L > and /3 G R. The solutions of (Jq)', (/i)', . . . , (Id)' in (17351) and of (|73^ are 
related by 



R{t) = Y(T{t)) 



■"- and ^{rf = ^-^^Qir) 



(7.60) 
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def. 



for q / 0, <Pit) = ipiT{t)),Rit) ^- {a2{t) ■ ■ ■ adit))'" and 



f{t) = 0i?(t)('^+i)/2i. = eY{T{t)) 



d+l 



for any 6 > 0. Also the constant 

L 



def. 2 



{d-2) 



Yl w^fc-JZ^i' 



(7.61) 



(7.62) 



3<l<k<d 



i=3 



where /ij G IR, are such that ai{t) = UJie^'^a2{t) for some q S IR, i G {3, . . . ,d}. In the converse 
directfon 

a2{t) = i?(t)^/^('^^i) (a;3 • • • oJde^^''^+■■■+^'•^'^*)-'^l^'^-'^'^ (7.63) 



and 



v{m) 



(rf-l) ^..,2,^M2 , (rf-2)L 4d/?2X «2 



8k 



4(ir(y') + 



y2d 



y2 



A' 



y<^ '^^-^ - « 



o T{t) (7.64) 



Example 42 For d = 3, 6* = /3 = z^ = 1 and L = -12, (ZM) becomes Y"{t) + Q{t)Y{t) = 
-3/y(T)^ - l/y(r)^. We take the solution Y{t) = (4r^ - 1)^/^ in equation liD.3\) and refer to 
IIP. 61\) - IIP. 63\) to obtain solution T{t) = ^coth{2{t — to)) of the differential equation f{t) = 
Y{T{t)Y = 4r(t)2 - 1. Therefore by ^UM) we have 



for t > to, and 



02 



R{t) = Y[r{t)f 

= csch{2{t - to)) 



(t) = i?(t)i/2g-V3t ^ ^csch{2{t - to))e-^' 



asit) 



Jl\f?>i 



02 (t) = ^/ csch{2{t - to)\ 



,V3t 



where we have taken fi^ = 2v3 so that L = —12 = — /^l. Since Q{t) = = ^'{t), 

<Pit) =^- ^{T{t)) = <Po 



for constant 0o G K and by ^T6^, [PM) . (P^ 



vm)) 



^V)^ ' ' 



r{t) 



A" 
ye y2 J - - 

2/0/'+ +_^^ nA^u'2/ 



A 



-sinh(2(t - to)) (cosh^(2(t - to)) - sinh^(2(t - to)) - l) 

K ' K 

A 

K 



That is, we obtain a vacuum solution. 



(7.65) 



(7.66) 



(7.67) 



(7.68) 
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7.1.2 Another Bianchi V metric 



Although it is not included as a special case of the above metric ()7.ip . we will additionally consider 
the metric ds'^ = -X{t)Y{t)df + X{t)Y{t)dx'^ + X{tfel^''dy'^ + Y{tfel^''dz'^ for X{t),Y{t) > with 
the energy-momentum tensor Tij = T^- to be that of a minimally coupled scalar field cj) with a 
potential V as in (jl.Sp . This will show how the methodology developed in this thesis can be applied 
to this additional form of the Bianchi V metric. The Einstein equations g^-'Gij = —ng^^Tij + A, 
multiplied by 2|(^oo| = 2XY, in this case are 



Hl + H'y + AHxHy-l-13' ^'^^' 



2Hx + Hl + 2Hy + H^- ^/3^ ^ = ' 
Hx + SHy + 2H^ - i/32 '^^i)' 
HY + mx + 2Hl-y^ ^=^' 



+ 2XYV o 

/)2 + 2XYV o (j) 
'f + 2XYV o (j) 
'i? + 2XYV o 



where as usual Hx{t) = X{t)/X{t) and HY{t) = Y{t)/Y[t). Forming the linear combination 
3(/o)' — {h)' — (h)' — ih)' and dividing by 6, we obtain 



2HxHy - \p^ -Hx-Hy = k4>\ 



(7.69) 



Equating the left sides of (/i), {h) we obtain i] + ItjHr = for r]{t) '^= Hx{t) - -H'y(t), Rit) '^= 
{X{t)Y{t)Y for some z^ / 0, and HR{t) = R{t)/R{t). By Lemma A.l with // = l/i/ / this shows 
that r]XY is a constant function. Setting D = ^rf'X'^Y'^ and writing (17.690 in terms of -R, we 
obtain 



1 ., 

Hr - l^H^ + VKC, 



D 



P^u 



i?2/^ 2 ■ 
Next we apply Theorem 12. 1.1 1 with substitutions made according to the following table. 



(7.70) 



Table 7.2: Theorem 12.1.11 applied to a third Bianchi V 



In Theorem 


substitute 


In Theorem 


substitute 


a{t) 


Rit) 


N 


2 


6 


1 

2u 


e 


VK 


Go 


-D 


Ao 


2/v 


Gi 


-^^u/2 


Ai 





Ao 


-qD/e^ 


Bo 


(3 + H/gz/ 


Ai 


-p'^vq/2e'^ 


Bi 


{qu+l)/qv 
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By Theorem 12. 1.1 1 we obtain the generahzed EMP equation 

Y"{t) + QiT)Y{T) = ^2y(^)(3+g^)/g^ " 2^2y (^)(gr.+l)/gi. C^" ''^) 

for Y{t) = R{f{T)Y, 9 7^ and Q{t) = qvKLp^T)"^ where /(r) is the inverse of r(t) satisfying 
f(t) = efi(t)(29'^+i)/2'' and ip{T) = (t){f{T)). Conversely, given a solution Y{t) > 0,Q(r) to (1777X1) 
one solves for T{t) and a(t) in the equations f (t) = 6'y(r(t))(2'^''+i)/2^'? and &{t) = 1/f (t)2/(29'^+i) 
for some 9 > 0. Also in the converse direction we define 0(t) = (/3(r(i)), i?(i) = y(r(t))-^''^, 
X{t) = R{ty/^''e'"'^^\ Y{t) = /?(i)i/2^e-'='^W for a constant c such that c^ = 09^/^^+^^"'^ /2u, and 
the potential 



y(</.(i)) 



i (^(Y')^ ^ ^^ - ^y2. /X2 



K^Av'^q'^^ ' 2zyy3M 4yiMy 2 ^^ 



r(t). (7.72) 



Taking i/ = l,g = 1/2, D = 6 and /3 = -2, (fTTTD becomes Y"{t) + Q(r)y(r) = -3/y(r)^ - 
l/Y{Tf. We take solution Y{t) = (^r^ - l)^''^ and use (jEMJ-dElTl) to obtain the solution 
T(t) = |cosh(2(t — to) of the differential equation f{t) = 9Y{T{t))'^. We also solve for a{t) = l/f{t) 
to obtain a[t) = ^ ln{tanh{t — to))- Therefore by ()D.67p we have 

R{t) = y(r(t))2 = sinh{2{t - to)) (7.73) 

for t > tQ, and 

X{t)^ = i?(t)e2^^"(*) = sinh(2(t - to))tan/i^/^(t - to) (7.74) 

Y{t)^ = i?(t)e-2v^a(t) ^ ginh(2(t - to))tanh'^/^{t - to). (7.75) 

Since Q{t) = 0, 0(t) = (/>o is constant and by (177721) . (fP^HTJ) and dEM]), 

y(</.(t)) = 0. (7.76) 

By identifying X{t)'^,Y{t)^ and X{t)Y{t) here with Ai(t),^2(i) and A^it) in [T9], we obtain the 
Joseph vacuum solution with the constants ki = k2 = k^ = 1. 

7.2 In terms of a Schrodinger-Type Equation 

To reformulate Einstein's field equations (Iq), . . . , (Id) in (|7.2p in terms of an equation with one less 

non-linear term than that which is provided by the generalized EMP formulation, one can apply 

d 

Corollary 12.3.21 to the difference d(/o) ~ / {h) (and similar to above, define V o cj) in u— notation 

1=1 
to be such that (Iq) holds). Below is the resulting statement. 

Theorem 7.2.1 Suppose you are given twice differentiable functions a2(t),... ,ad{t) > 0, a once 
differentiable function <j){t), and also functions p{t),p{t),V{x) which satisfy the Einstein equations 
(Jo), ... , (Id) for some A e R, d € IN\{0, 1}, k £ B\{0}. Denote 

R{t)'''d-{a2{t)---ad{t)r (7.77) 
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for some u ^ {), then the functions 



d/2v 



u{(t) = R{a + to) 



(d-i) 



solve the Schrodinger-type equation 

u"ia) + [E-P{a)]u{a) 



dl3^ dK{p{a) + p{a)) 



u{d-2)/d (d-l)n(a) 



for 



and where 



^{a) = (Pia + to) 
p(cr) = p{a + to), P(o-) = p{o- + to)- 



E 



def. d{d — 2) 



{d-2\ 



^^^m-^^l) 



(7.78) 
(7.79) 



(7.80) 

(7.81) 
(7.82) 

(7.83) 



Kk 



i=3 



for constants fij such that aj{t) = 07^6^^*02 (t) for some Uj > 0,j £ {2, . . . ,d}. 

Conversely, suppose you are given a twice differentiable function u{cr) > 0, and also functions 
P{cr) and p{cr),p(a) which solve { 7. 80^ for some constants E < 0,k £ R\{0} and d G IN\{0, 1}. In 
order to construct functions which solve {Iq), ■ ■ ■ , (Id), If '^{<y) is such that 



^W-^^"'^ 



dn 



P{^), 



(7.84) 



constants fj-i, i £ {3, . . . ,d} satisfy 

d{d-2) 



E-- 



(d-2) 



Y.i'ii'k-Y, 



fj-j I , 



Kk 



i=3 



and 

Then the functions 



R{t) = u{t - to)-'^"/'^. 

a2(t) = i?(t)i/'^('^-i)(a;3 • ■ ■ uJde^P^+-+^'^'>')-'^/'^'^-'^'> 

ai{t) = a;ie^'*a2(t) 

(Pit) = tPit - to) 

/9(t) = p(t-to), p{t)=p{t-to) 



and 

vm)) 



(d-i) /I , 



.E 



9 , ,-K)' + t.^^-d/3V/'')-i(V')V-p ^ 

Ik \d d 12 k 



?2„2/d 



o (t - to) 



(7.85) 

(7.86) 

(7.87) 
(7.88) 
(7.89) 
(7.90) 

(7.91) 



satisfy the equations (/q), . . . , {Id) for any uji > 0,2 < i < d. 
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Proof. This proof will implement Corollary 12.3.21 with constants and functions as indicated in the 
following table. 

Table 7.3: Corollary 12.3.21 applied to conformal Bianchi V 



In Corollary 



a{t) 
6 

G{t) 

Gi{t) 

G2(.t) 

Fi{a) 

F2{a) 



substitute 



In Corollary 



R{t) 
-d/2v 

constant 2vE/d 

constant —lufi"^ 
^(p(a)+p(a)) 
constant (i/3^ 



substitute 



N 


2 


e 


2uK/{d - 1) 


A 





Ai 


-d/u 


A2 


-{d-l)/u 


Ci 


1 


C2 


{d-2)/d 



Much of this proof will rely on computations that are exactly the same as those seen in the 
proof of Theorem 17.1.11 (the generalized EMP formulation of conformally Bianchi V) . Therefore we 
will restate the relevant results here, but point the reader to the details in the proof of Theorem 

To prove the forward implication, we assume to be given functions which solve the Einstein 
field equations (Jq), . . . , {Id)- Since the right-hand sides of Einstein equation (Ij) are all the same 
for i G {1, . . . ,d}, we begin by equating the left-hand side of {I2) with the left-hand side of any (Ij) 
for j £ {2, . . . ,d} since it will give us a simplifying relation among the scale factors a2(t), . . . , ad{t). 
Exactly this was done in (j7.18p - (|7.22p so that again we obtain 



Hj — H2 + /Xj 



(7.92) 



and 



aj{t) = ujje^'^^a2it) (7.93) 

for ojj > 0,iJ,j £ R, i G {2, . . . ,(i}, and fj.2 = 0,a;2 = 1. Following the arguments given in (j7.23p - 

d 

(j7.40p . we form the linear combination d{Io) — > (Jj) and write everything in terms oi R = 

i=l 

(«2 ■ ■ ■ o-dY as defined in (j7.77p to obtain 

—2iyK 






(d-i) 



+ R'''^{p + p) 



Since 



and 



L 



def. 



{d-2) 



E 

Kk 



IJ-lfJ'k 



E^l ^ 2 ^ = 
i=2 


-- ^E (by (]7.«3P) 


^ def. R 





(7.94) 



(7.95) 



(7.96) 
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we again have that 

This shows that R{t) , (l){t) , p{t) and p{t) satisfy the hypothesis of Corollary 12.3.21 applied with 
constants e, e,N,A,Ai . . . , An and functions a{t), G{t), Gi{t), . . . , Gjyit) according to Table 17.31 
Since u{a),P{a) and ^p{o■) defined in ()7.78p - (|7.79p and (|7.8ip are equivalent to that in the for- 
ward implication of Corollary 12.3.11 by this corollary and by definition (j7.82p of p(cr),p(cr), the 
Schrodinger-type equation (j2.130p holds for constants Ci, . . . , Cat and functions Fi{a), . . . , Fiy{a) 
as indicated in Table 17.31 This proves the forward implication. 

To prove the converse implication, we assume to be given functions which solve the Schrodinger- 
type equation (j7.80p and we will show that equations (Jq), . . . , (Id) are satisfied. To show that (/q) 
is satisfied, we differentiate the definition of R{t) in (I7.86P to obtain 

R{t) = -^u{t-tor^''/'^-^u'{t-to). (7.99) 



Dividing by R{t), 

Differentiating the definition (j7.89p of (j){t) 



H^^g-R = _^- -'ii-io) (7.100) 

^ R d u{t-to) ^ ^ 



0(t)=V'(t-to). (7.101) 

Using (|7.100l) and (|7.101D . and also the definitions (^iMtf and (ITIgOD of R{t) and p{t) respectively, 
the definition (I5.70p oi V o (j) can be written as 



V o, 



Jld/u 



jd-l) 



(2^'^« + 5^-^"''^^'""'")-f 



p--. (7.102) 

K 



The quantity in parenthesis here is in fact equal to the left-hand-side of equation (/q). To see this, 

def. ■ 

note that the definitions of 02 (t) , a, (t) in (j7.87p , (|7.88p and also Hr = ' R/R are the same as those 
in Theorem 17.1.11 Therefore we may follow the arguments given in (J7.24p - (j7.38p to see that the 
identities 



^"^"^'^^r-^nfrr,^' ("o^) 



d 
^ — ' u 



1=2 

and 



^f-TSiJZTf--Ki^)^ P^'") 
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hold in the converse direction (since (j7.1ip in Theorem 17.1.11 and (j7.85p here show that L 
4E/d{d — 2)). This shows that the left-hand side of (/q) is equal to 



Y, Hf + (d + 1) ^ HiHk - 2d/3\a2 ■■■ad, 



d-l 



1=2 



Kk 



2l/2 



HI + -E- Idp'^R^'^-^'^l" 



and therefore ()7.102p can be written asVo(j) 



(7.105) 



^d/v 



\/=2 Kk J 



A 



(7.106) 



which shows that (/q) holds in the converse direction. 

To conclude the proof we must also show that the equations (/i), . . . , {Id) hold. In the con- 
verse direction the hypothesis of the converse of Corollary 12.3.21 holds, applied with constants 
N^Ci,. . . ,Cn and functions Fi((t), . . . , F/v(o") as indicated in Table [731 Since 'ip{a),R{t) and 
(j){t) defined in (j7.84p . ()7.86p and (j7.89p are consistent with the converse implication of Corollary 
I2.3.2| applied with a{t) and 6, e as in Table 17. 3| by this corollary and by the definition ()7.90p 
of p{t),p{t) the scale factor equation (J2.125P holds for constants 5,e,A,Ai,... ,A]y and functions 
G{t), Gi{t),..., GN{t) according to TableOl That is, we have regained ([LMj). Now solving (j7.102p 
for R'^'^ p{t) and substituting this into (j7.94p . we obtain 



*«-|;««-T^+-''^«'"'""-I^ 



\ + R"' 



-V o (j) + p 

K 



+ 



{d-l) 
4k 



(2^^^ + ^^-2'^^'^^'"^^0 



Simplifying and multiplying by 2/i^, 



d 



Hr - ^Hl --E- 2{d - 2)f3'R^''-'^/-' 



2i/2 



(7.107) 



Ak 



(d-l) 



+ 



j^d/v 



-V o (j) + p ' 



A 



(7.108) 



As noted above, the computations (J7.30p - (j7.38p from Theorem 17.1.11 still hold in this theorem, in 
the converse direction. Therefore by (|7.103p - (|7.104p the left-hand side of (/i) is equal to 



Y^ (2Hi - Hf) - (d + 1) ^ HiHk - 2{d - 2)p\a2 ■■■ad) 



d-l 



1=2 



Kk 



-Hr - ^Hr 



> 



2{d-2)l3'^R^'^-^^/'' 



(7.109) 
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and the left-hand side of (Ij) is equal to 

d 2d '^ 

-2H,-Y, Hf + — -— ^Hi-id + l)J2 HiHk - 2{d - 2)p\a2 ■ ■ ■ a,)'^"^ 

1=2 ^ ' 1=2 Kk 

= -Hr - ^H% -\e- 2{d - 2)P'^R^'^~'^'^/^ (7.110) 

for z G {2, ...,4. By (|7.1U8p . (|7.1U9D and (|7.11Up . {h) hold in the converse direction for i £ 
{1, . . . ,d}. This proves the theorem. o 
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Appendix A 

A short lemma 



Lemma A.l For any differentiable function f{t), any positive differentiable function R{t), and 
constant fi £li, 

f{t)R{t)^ is a constant (A.l) 

if and only if 

f{t) + ^if{t)H{t) = (A.2) 

where H{t) = -^W. 

Proof. f{t)R{t)^ is a constant function if and only if 

^ {f{t)R{tr) = 0. (A.3) 

Or equivalently, 

f{t)R{tr + iMf{t)R{tY-^R{t) = 0. (A.4) 

Since R{t) is positive, (|A.4[1 holds if and only if the same equation divided by R{tY holds. That is, 

f{t)+fif{t)H{t) = 0. (A.5) 
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Appendix B 

The Einstein tensor in d+ 1 
dimensions 



In this thesis we consider a number of different metrics on pseudo-Riemannian spacetime manifolds 
of arbitrary dimension. For a fixed dimension, one can use a computer program, hke Mathematica 

or Maple, to compute the Einstein tensor dj = Rij — 2Rgij in terms of the Ricci tensor Rij and 
the scalar curvature R. However on a space of arbitrary dimension, the use of computer programs 
involves a bit of guesswork (to the best of the author's knowledge) since one must choose a few 
fixed dimensions in which to compute Gij, then deduce a more general form for Gij for arbitrary 
dimension, and in all cases computing power will limit the ability to check one's formula for very 
high dimension. 

We will show a by-hand method for computing Gij on a manifold of arbitrary dimension, which 
is manageable to apply at least when the metric is diagonal with coefficient functions that depend 
only on a few of the coordinate variables. As an example, we will use the conformal Bianchi V 
metric 

ds^ = -(02 • • • aafdt^ + (as • • • ad)dxl + a^'^e^^^^dx^ + • • • + a'^f^e^'^^'^dxl (B.l) 

for Qi = ai{t),j3 ^ 0, and i, j G {0, 1, . . . , d}, as in Chapter 7. 

We will compute the Ricci tensor in three pieces, each computed directly from Christoffel 
symbols of the second kind F^- , by 

R^3 = ^ + 4^ - Rf (B.2) 

for 

d 

R'ij = zZ \^k3,i - ^ij,k) ! (B-3) 

A;=0 

4^'=EErLC,' (B.4) 

m=0 n=0 

and 

Rf "= iziz^Trn^ (B.5) 

m=On=0 
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where , i denotes differentiation ^ with respect to Xi . F^- are given in terms of the metric com- 
ponents by 



-pfc de/. 1 
ij ~ 9 



/ _i 9 \9si,j 9ij,s + 9js,i) ■ 



(B.6) 



s=0 



We will first form matrices of Christoffel symbols and their derivatives. Since the metric (jB.ip 
is diagonal, the smn in ()B.6P reduces to 



ifc def. 1 



x5 {9ki,j — 9ij,k + 9jk,i) , 



(B.7) 



which is only nonzero if at least two of i,j, k are equal. Since the metric is symmetric, ii k = i then 



and if i = j then 



■nfc T^fc „kk^ 

'- kj — '' jk — 2^ 9kk,j 



^ii = 2 5 i'^9ki,i - 9ii,k) 



(B.8) 



(B.9) 



We denote by F^- the matrix with rows indexed by i, columns indexed by j, and k fixed, and we 

use (1B.9P to compute the diagonal entries and (jB.Sp to compute the nonzero non-diagonal entries 
of this matrix to obtain 



1=2 



[f: 



for A 



def. (d-l)af-^H,e^f 



2(a....a,)^^'2<^<d, 



1=2 



Ao 



\ 



Ad J 



(B.IO) 



[F^ 



i]\ 



lllHi 

1=2 



1=2 



\ 

for Bi '^= -/j ^t'"'^? . 2 < i < d, and 



^2 



Bd I 



(B.ll) 
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2 Hk in fc*'* column 
/3 in fc*'' column 







^ 2 -^A; in fc*'* row /3 in fc*'' row 



(B.12) 

for each k £ {2, . . . ,d}. 

Taking derivatives of the Christoffel symbols in (jB.lOp . (jB.lip and ()B.12p with respect to xq = t 
(denoted by dot), we get 



/ d 

1=2 



\^J 



=2 



C2 



\ 



Cd J 



(B.13) 



for Q '^d- A- ^ ^-^'^'^'^ 



2{a2-ad)« 



- [{d-l)Hf + Hi-dHi^Hi\ ,2<i<d, 



1=2 



( 



[r^,. 



1=2 



\ 



1=2 



Do 



\ 



Dd J 



(B.14) 



for Di ^d- Bi 






{d - l)Hi -"^hA ,2 <i<d and ioi 2<k<d, 



-pk 
^ ij,0 








1=2 

• 
• 



jd-l) 
2 



H}^ in k*-^ column • • • \ 
••• 



(d-l) 



Hk in k row 



(B.15) 
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Taking derivatives of the Christoffel symbols in (jB.lOp . (jB.lip and ()B.12p with respect to xi, 



/O 



[r^,i] 



E2 



V 



^. '^l/- ^A, = P^'^-M'^Hf^'^i 2<i< 

/O 



forEr=^A = ^^^^^^g:::,^^-,2<^<d, 



[r^,i] 



F2 



\ 



for Fi J- ji-Bi = -2P^ \". , 2 < i < d, and also 



dx 



{a2-aa) '' 



\ 



Ed J 



Fd j 



(B.16) 



(B.17) 



«i,i 



(B.18) 



for each fc G {2, . . . , d}. 



>(i) 



To form the first sum in w- we note that the metric, and therefore the Christoffel sym- 



bols, depend only on x<^^x\ and we use the matrices (jB.lSh and (jB.lTh to obtain 



2^ ^ih^ + Z^ ^ii,l 



.fc=0 



fc=0 



/ 



E^^ 



1=2 



2{a2' 



iF-(E«'-(<'-i)(E'^')) 



J2 



Er 

,fc=0 



k 
ij,k 



(B.19) 



Jd / 



for Ji =^- Q + F, 



af-'e^^-l {d-irrr2 



{a2—adY 



2 ^i + 2 



-1) 



H,-^^H,J2Hi-20 



'^'a2---adf-^ for 2 < 



1=2 



i < d. To form the second sum in Rlj , again since the Christoffel symbols depend only on the 
variables xq,xi, all nonzero entries of the resulting matrix are contained in the rows indexed by 
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i = 0, 1. Therefore 



.A:=0 



kj,i 



^\ 



Z^ ^kj,0 



k=0 



2^ ^kj,l 
k=0 , 



^ 



(B.20) 



For a fixed column j, \^ ^kj,o = -'^Oj.o + ' ' ' + ^djfl is the sum of the i = entry of the j*'^ column 



A:=0 



of (1B.13P , the i = 1 entry of the j^^ column of (IB.14P , the i = 2 entry of the j^^ column of (IB.15P 
with k = 2, and so on until finally the i = d entry of the j column of (JB.ISP with k = d. A similar 
methodology of summing entries of ()B.16p . (JB.ITP and (jB.lSP will give the column entries of the 



row vector /^^kji- Therefore ()B.20p becomes 

/ 



A:=0 



Er: 

,fe=0 



k 
kj,i 



dY.Hi 



1=2 



\ 



Subtracting (lBT9]l from ^32), we obtain R^'^^ '^= 
( 



B^ 



lE^i 



1=2 



2{a2-aaY 



^\Y.Hi-{d-l)[Y,Hi 



1=2 



a=2 



Next we define matrices 



y 



(i) 



' mfe 



j/c) 



0/ 



-J2 



(B.21) 



(B.22) 



-Jd / 



(2) 



(B.23) 



?(3) 



indexed by j G {0, 1, . . . ,d}, which will help to compute the double sums R]- and R\- in (|B.4p 
and (jB.Sp . For example, the matrix y^*^) has rows that are equal to the i = rows of the matrices 
(|B.10p . (|B.lip and (|B.12p of Christoffel symbols, the matrix y^^-* has rows that are equal to the 
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1 rows of the matrices ()B.10p . (jB.lip and ()B.12p . etc. Therefore we obtain 



/ d 

1=2 



y 



(0) 



\ 



d 

1=2 



(d-1) 



Ho 



'^H,J 



(B.24) 



and 



y 



(1) 



° -- ■L)''-iIZ^' 



2(a2-aar 



1=2 



d 
1=2 



P 



P J 



(B.25) 



y 



(J) 








Aj in the j*'' column 
Bj in the j*'' column 



2 Hj in the j*'' row /3 in the j"* row 







for each 2 < j < d. 

Since rf^- = T^^^, the double sum R^f in (iRJll is 



(B.26) 



d d 



d d 



d d 



«lf = E E rlr;» = E E rLr;» = E E ^^tS. = rr y<-)yO) . (b,27) 



m=0 n=0 



m=0 n=0 



m,=0 ?i=0 
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That is, i?(2) 



def. 



n. 



(2)' 






2 



^^ = 2 



«=2 



E^^ 



^^Z^^' 2{^ 

Z=2 



1=2 



1^2 



i^d / 



(B.28) 



for K, = {d- l)H,A, + 2/3A = ^J^^^^^^ {^^Hf - 2(3^a2 ■ ■ ■ a^)''-') ,2 < i < d. 
Again since F^- = F^^, the double sum R-- in (jB.SP is 



j{3) 



d d 



d d 



d d d 



^^^:^^ = E E ^"^^nm = E E r.^Cn = E E ^™^^n^ = E ^™ ^^ ^^'"^ ' (^-29) 



m=0 n=0 



m=On=0 



r?i=0 n=0 



That is, the j^^ column of the matrix w-^' 
where y is the column vector 



def. 



R 



(3) 



iri=0 



>r 



is equal to [y^^') -y or equivalently y'^ -y 



U) 



y 



def. 



( Tr y(0) \ 
Tr y(i) 
Tr y(2) 

\^ Tr y^'^) / 



/ d \ 

1=2 

(3{d-l) 




V / 



(B.30) 



and "^ denotes transposition. Therefore R^^' = 

/ / d \2 d 

\«=2 / 1=2 

d / d N 

^^E^' 2(a,-i,Y-^ E^' 
Z=2 \/=2 / 



\ 



L, 



(B.31) 



^d/ 



for 



Li = dAi^Hi + ^id-l)Bi 



1=2 
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Qd-lg2/3xi U{d-l) 



{a2---adY\ 2 



HiY,Hi-fi\d-l){a2---ad) 



d-l 



1=2 



(B.32) 



By dElU, ^KM and (IRSB . the coefficients of the Ricci tensor (Ib:2|) are 



/ M 



iV 



P2 



\ 



\ 



Pd J 



(B.33) 



for 



m"='?5;h< + ^ E «,i^.-^E«? 



de/. d 

2 



«=2 



A^ 



de/. 



2<l<k<d 
d 



1=2 



-i-^E«'+''^(''-i) 



2(02 •••arf 



/=2 



and 



de/. 



^d-lg2/3xi 



-Pj — ~Ji + Ki — Li — -T 

(02 • • • aa)'^ 



(d-l) 



i^i + /32(d-l)(a2---ad 



,d-l 



(B.34) 
(B.35) 

(B.36) 



2 <i < d, and where we have used that YJ /// = YJ Hf + 2 YJ HiH^. 

\l=2 / 1=2 2<l<k<d 

d d d 

The scalar curvature is defined as i? = ' >^ Rf, = ' N^ N^ g i?;^ therefore for our example, 



R 



' ,M+ ' 



k=0 fc=0 1=0 

d 

-N+y-r4^ — 






i=2 



i=2 



2<«<fc<d 



+/3^d(d-l)(a2---ad 
Finally, the nonzero coefficients of the Einstein tensor Gij = Rij — i^^-Qij ^^'^ 



Goo = -^^ f E Hf + {d + l)Y, HiH, - 2d(3'{ 

\l=2 Kk 



a2- ■ ■ cid 



,d-l 



(B.37) 



(B.38) 
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Gil 



-(^-1) 

4{a2---aa) 



TTT 



/ d \ 

Y,{Hf - 2Hi) + (d+l)Y^ HiHk + 2{d - 2)/32(a2 • • • a^f-^ 

\l=2 Kk J 



and Gr 



4(a2-ad)'' 






\d-l 



for 2<i,/,A;< d. 
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Appendix C 

The non-positivity of X!/<fc ^l^k 



For the Bianchi I and Bianchi V models considered in Chapters H] and [6l we make use of the quantity 

l<l<k<d 

for arbitrary constants ci , . . . , c^ G R and d G M such that 

ci + • • • + Crf = 0. (C.2) 

We will show that y is non-positive for all values of ci, . . . , q, d. 
By (jU?2]) . we obtain 



d-l 

y = ^ cick + Cd^ci 






l<l<k<d-l 


1=1 








(d-l \ 


2 




= > ; QCfc - 


- >>■ 






i<i<k<d-i 


\l=l J 
d-l 






= ^ ClCk - 


-1^^'- 


^1. 


QCk 


l<l<k<d-l 


1=1 I 


l<l<k<d 


-1 


d-l 


> ; cic 






1=1 l<l<k<d-l 







SO that by the following Lemma, y < 0. 
Lemma C.l The sum 



M 



is non-negative for all M, A^ G IN and ci, . . . , cm G R. 



(C.3) 



ZM,N =' X] ^^ + 77 Yl ^^^^ *^^-'^) 

1=1 l<l<k<M 
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Proof. We will prove this Lemma by induction on M. We begin with M = 1, for which zi^^- 
cf > for all ci G R and for all A^ G M. For M = 2, we complete the square to obtain 

Z2,N = c\+cl + -TrClC2 

= Ci + (^Cl) C2 + (C?) 
2 r? 



(^^ + 7^) -^ + ^' 



-l)^(^)^^ (-) 



Therefore Z2,n ^ for all A^ > 1. By induction on M, we assume that 



M-i 2 



/=1 l<l<k<M-l 

and we consider zm,n- li N = 1, then 

M 

;=i l<l<k<M 

/ M \2 



X^O ^0- (C-7) 



If A^ = 2, 



A/ 

^;a/,2 = X "^^ + X '^''^'=- '^^•^^ 

i=l l</<fc<M 

Now, consider the quantity 

I , I , . . . , -ti , .„)^ 'g i , 4, , ,.„ 'g (I) , , j: (I) (I) . (c.) 

1=1 1=1 l<l<k<M-l 

One can double check that (jC.Op contains the correct number of terms by noting that 

(M-l) + l + 2(M-l)+2'^^-^f^-^' 

= M + 2M - 2 + M^ - 3M + 2 

= m2. (CIO) 

The last term in (jC.lOp is due to the fact that the sum > contains {M — 2)(M — l)/2 terms. 

l<i<fc<A/-l 

One can see this by 

M-lk-l 



E 1 = EEi 

l<«<fe<J\/-l fc=2 1=1 
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M-1 



k=2 
M-2 

«— 1 




(M-2)(M- 


-1) 



(C.ll) 



Simplifying ()C.9P we obtain 



«=1 i=l 1</<A:<A/-1 

SO that we may write (jC.SP as 

/Cl C2 CM-1 , \2 3 ,^^ 2 1 V^ 

ZM,2 = (y + y + • • • + ^- + ''m) +^}_^Ci+- 2^ QCfc 

/=1 l</<fc<M- 

/Cl C2 CM-1 \2 3 / v-^ 2 2 ■r-^ 



/=1 1<«<A:<M-1 



(CIS) 



By the inductive assumption on M in ()C.6p . the second quantity in parenthesis on the right-hand 
side of (IC.lSp is non-negative. Therefore zm,2 is non-negative. Finally, to rewrite 

M 2 

ZM,N = E "^'^ + 77 ^ ^^'^^ ^^'^"^^ 

;=1 l<l<k<M 

for general A'^ we consider the quantity 

2 A/-1 ^2 ^^-1 



+-) =e|.+4,+2c„j:(^)+2 j: q(|). (C.15) 



C]_ C2 CM-1 

A^ iV '" iV 

/=1 Z=l l<l<k<M-l 

As in (jC.lOp . one can double check that the right-hand side of (JC.ISP contains M^ terms. Simplifying 
(JC.ISP we obtain 



M-l „ M-1 

£1 £2 CM-1 

N N N ' "^^V ~ A^2 Z^ -( ' -M . ^-ivi z^ -* ^ ^2 

1=1 1=1 l<l<k<M-l 



1 ^"-^ 2 ^""^ 2 

+ ^aO =1^ E^'^+^M + T7CA/ E^' + 1^ E ^'^^ (^-16) 



so that we may write ()C.14p as zm, 



N 



Z=l ^ ^ l<Z<fc<A/-l 
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\ z=i ^ •' i<;<fc<M-i 



(C.17) 



By the inductive assumption on M in ()C.6p . the second quantity in parenthesis on the right-hand 
side of (jC.lTp is non-negative. This proves the Lemma. o 
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Appendix D 

Exact solutions to EMP equations 



Below in Table ID.H we list some exact solutions of the generalized EMP equation with one non- 
linear term 

Y"{t) + Q{t)Y{t) = ^^^ (D.l) 

for constants \i,Bi. In Table IDTTI oq, 6o) co,do, Qo ^ ^ are constants. 
In special cases when the EMP reduces to a classical EMP equation 

Y"{t) + Q{t)Y{t) = ^^, (D.2) 

for A G R, exact solutions to the classical EMP can be obtained by a superposition prin- 
ciple: if Yi{t) and Y2{t) are two linearly independent solutions of the homogeneous equa- 

Yi y; 

Y2 Yi 

Y{t) = {AY^{t) + -By|(r) + 2CYi{T)Y2{T)f'^ is a solution to dEl where yl,S,C7 G E are con- 
stants that satisfy AB — C^ = \/W{Yi,Y2)'^ ■ Some of the entries in Table [DT] are obtained from 
this superposition principle. 
We also record solution 



tion Y"{t) + Q{t)Y{t) = 0, then their Wronskian W{Yi,Y2) '^= 



is constant and 



/ 4 \ 1/4 

y(r) = (^r^ - I) (D.3) 

to the generalized EMP with two non-linear terms 

r"(r)+«(rmr) = 4^ + ^l^ (D.4) 

for Q = and constant 6 > 0. 

In order to map an exact solution Y{t) of a generalized or classical EMP equation to an exact 
solution of Einstein's equations via the correspondences in this thesis, one must first solve for r(t) 
in the differential equation 

fit) = Y{T{t)Yo (D.5) 

for some constant rg 7^ that is dependent on the cosmological model. For the EMP reformulations 
of Bianchi I and Bianchi V one must then solve for a{t) in 

a(t) = — ^ (D.6) 

^ ^ f{tyo ^ ' 
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Table D.l: Exact Solutions of EMP 





Y{r) 


Q(t) 


Ai 


Bi 


1 


COs{^yQoT) 


Qo>0 





n/a 


2 


sin{^/QQT) 


Qo>0 





n/a 


3 


{aocos'^{^/QoT) + bos^n''{^/QoT) 
+2cocos{^/QoT}s^n{^/QoT)) 


Qo>0 


Qoiaobo-cl) 


3 


4 


aoT'^" 


rfo(l-rfo) 





n/a 


5 


(aor2'^° + 6or2(i-'^o) + 2cor)'/' 


do(l-do) 


(l-2(io)'(ao6o-c2) 


3 


6 


r 


Ai 


Ai 


5i 


r-«l + l 


7 


(agr^i 62)1/2 


AiTag&O 


Ai 


3 



for some constant sq ^ 0. Also, in each cosmological model, in order to find the scale factor (p{t), 
one must first integrate some constant multiple of the square root of the function Q{t) (and then 
compose the result with T(t)). That is, to find (j){t) one must first compute 



'Pi'T) = / V(^0QiT)d7 



(D.7) 



for some constant ao- Therefore for each solution in Table [DTl we now record some solutions to 
(|D3]) . dnH) and (ID^I) . 

For Y(t) from line 1 in Table (EH equation (|D.5p for rp = 1 is 



which has solution 



Tit) 



fit) = cos (x/Qi^r(t)) 



Arrtan I tan/l I (t — fg) 



for to £ IK,- One can check this by noting that 



fit) = YiTit)f 

Also, we record that 

Y'irit)) = 



sech 



^it-to)) 



l + tanh'^(^it-to) 



sech 



^oit - to)) . 



Qo sin I 2Arctan I tanh { (t ~ ^o) I I I 

s/Q^tanh(y^it-toi 



l + tanh'^(^it-to)) 



(D.8) 
(D.9) 



(D.IO) 
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y^tanh(y^it-to)) (D.ll) 



2x 



since sin{2Arctan{x)) = 2cos{Arctan{x))sin{Arctan{x)) = j 

For Y(t) from line 2 in Table [DTTl equation (|D.5p for tq = 1 is 

f(t) = sin (yQ^T(t)) (D.12) 

which has solution 

T{t) = —^Arctan (e'^^'^*-*°A (D.13) 

vQo ^ ^ 

for to £ IK,- One can check this by noting that 

m = Y{r{t)Y = ^^^,^(,_,^) = seek (v^(t - t,)) . (D.14) 

Also, we record that 

y'{r{t)) = y^ COS (2Arctan( 6-^^^^-^°^^ 






/O^tanh (y^{t - to)) (D.15) 



since cos{2Arctan{x)) = cos'^ {Arctan{x)) — sin^ {Arctan{x)) = yrf?- 
For Q{t) = Qo > from lines 1-3, (|D.7p becomes 



V'Ct") = / y/aoQodT = y/aoQoT + /3o (D.16) 

for integration constant /3o G H- 

Composing (iDlDl with r(t) in (iDlOll . 

0(t) '^=' c^(T(t)) = 2^/S;^^rctan (tank (^^{t - to) ) ) + Po- (D.17) 

Composing (fDll]l with r(t) in (lDl3]) . 

,/,(t) '^M- ^(r(t)) = 2^/S;^^rctan ('e^^^*-*")) + /3o. (D.18) 

For ^(t) from line 4 in Table [DTT] equation (jD.Sp is 

f(t) = (aor(t)'^»)'° (D.19) 

which has solution 

T(t) = ((1 - rodo)a^'{t - to))^=^ (D.20) 
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for to £ IK, and r^ ^ 1/do- One can check this by noting that 

fit) = y(r(t))^'<' = gS« ((1 - ro(io)aS°(t - to))^^ . (D.21) 

Also, we record that 

y'(r(t)) = doaorit)^"-' 

= doao{{l-rodo)al°{t-to))'^ . (D.22) 

For Y{t) from hne 4 in Table [DTTl equation (jD.Sp for tq = 1/do is 

f (t) = r(t) (D.23) 

which has solution 

T{t) = aoe*-*« (D.24) 

for ao,tQ G R. One can check this by noting that 

f{t) = y(r(t))"«=i/'^o = aoe*-*«. (D.25) 

Also, we record that 

Y'{T{t)) = dority-' 

= doa^°~^e(^o"i)(*-*°\ (D.26) 

For Y(t) from line 5 in Table [D?T] with b^ = do = 0, equation (jD.Sp for rg = 1 is 

f(t) = (ao + 2cor(t))i/2 ^27) 

which has solution 

r{t) = Uco{t-tof-^) (D.28) 



2 V Co 

for Co > and to G IR- One can check this by noting that 

f(t) = y(r(t)) = co(t-to). (D.29) 

Also, we record that 

Co 



Y'{r{t)) 



(Go + 2cor(t))V2 
1 



t-to 
for t > to and cq > 0. Equation ()D.6P for so = 1 then becomes 



co(t-to) 
Integrating, we obtain 



(D.30) 



o-(t) = — -. (D.31) 



c7(t) = -ln(co(t-to)). (D.32) 

Co 
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For Y{t) from line 5 in Table [DTT] with 60 > and do = 0, equation ()D.5P for tq = 1 is 

f{t) = (ao + boritf + 2cor(t))i/2 
which has solution 

T{t) = -^ f 6oe^(*-*») - 4Ae-^(*-*») - 4^co) 
46o/^ ^ ^ 

for io £ IK. and A =' oq^o — Cq. One can check this by noting that 

f{t) = Y{T{t)) = ie^^(*-*«) + Ae-v^(*-«o)_ 
4 bo 



(D.33) 



(D.34) 



(D.35) 



Also, we record that 



Y'ir{t)) 



boTJt) + Co 

Y{r{t)) 



5Qev^(t-to) _)_ ^Xg^-Vboit-to) 



(D.36) 



For So = 1, (1D.6P shows that 



a{t) 



,Vbo{t-to) 






dt 



-ku„2 

-4A 



du 



/6o(t-to) 



-^^^^^A„c„H,(,/^„ 



50 



A 



-4A 



n=eV^(*-*o) 



zArccoi/il A/^e^(*-*°) 



(D.37) 



for A < 0. 

For Y{t) from line 5 in Table [DTT] with ao = ^0 = and cq = 1/2, the equation f(t) = 9Y{T{t)) 
is 

fit) = e^/H^ (D.38) 

which has solution 

(D.39) 



r{t) = ^{t-tof 



for f > to S IK, and > 0. One can check this by calculating 



f(t) = eY{T{t)) = -{t-to). 



(D.40) 
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Also, we record that 



^■'<^<*»^V7«^^(^- '"■"' 



For Q{t) from lines 4-5 in Table [DTTI ()D.7p becomes 



c^(t) = I V^oMLJo) ^^ ^ V«odo(l-c^o)ln(r) + /3o (D.42) 

for r > 0, < do < 1 and integration constant /3o £ K.- 
Composing (ID^ with r(t) in (10^201) . 

<^(t) '^^- ^{r{t)) = ^"°^_°^^|^;^j^°^ In [((1 - rodo){t - to))] + /3o (D.43) 

for ro < do and t > to- 
Composing (fD:42|) with T(t) in ([DlSO]) . 



de/. 



(A(t) ='■ ^(r(t)) = 2Vao4(l-c^o)ln(t - to) + /3o (D.44) 

for t > to- 

For Y(t) from line 6 in Table [DTT| we solve for T{t) in the equation 

f{t) = eY{T{t)) = eT{t) (D.45) 

which has solution 

T{t) = aoe^(*"*°) (D.46) 

for ao,to G K. and 6 > 0. For Q{t) from line 6 in Table IDTH ()D.7p becomes 



. X /■ \/aoAi , 2VaoAi , „ 



./.(t) '^=^- ^(r(t)) = ^;^a^^^)/^e^(i-^^)(*-*o)/2 + /3o. 
i — r>i 



(D.47) 



for /3o G E. Composing (lOiTl) with T{t) in (iD^iHI) . 

(D.48) 

For Y(t) from line 7 in Table IDTJ with the plus sign and aQ,bo > 0, equation (jD.SP for ro = 1 is 

f{t) = {alr{tf + blf' (D.49) 

which has solution 

T{t) = — sinh(ao(t - to)) (D.50) 

for to G IR- One can check this by computing 

f{t) = Y{T{t)) = bo cosh(ao(t - to)). (D.51) 

Also, we record that 

Y'{T{t)) = ao tanh(ao(t - to)). (D.52) 
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For Q{t) from line 7 in Table IDTT] with the plus sign, ()D.7p becomes 



for r > — 6o/«o and assuming ao,bo, (Ai — flg^o) > ^ and /3o S R. Composing ()D.53P with T{t) in 
(ID30I1 . 

</,(t) '^1/- (^(r(t)) = ^"°^^\~ "°^° -^^rcton (sinh(ao(t - to))) + Po- (D.54) 

aobo 

For ^(t) from line 7 in Table IDTT] with the minus sign and oq, 60 > 0, equation (ID.SP for tq = 1 

is 

which has solution 

T{t) = — cosh(ao(t - to)) (D-56) 

for to £ E^- One can check this by computing 

fit) = Y{r{t)) = bo sinh(ao(t - to)). (D.57) 

Also, we record that 

Y'{T{t)) = ao coth(ao(t - to)) (D.58) 

for t > to- 

For Q{t) from line 7 in Table lD?T] with the minus sign, (ID.7P becomes 

^(r) = ^aoih + albDJ-^^ = -^^^^^^^Arctanh (^r) + /3o (D.59) 

for T > bo/ao and assuming ao,6oi (^^i + o^o^o) > ^ and /3o G H. Composing ()D.59p with T{t) in 
(ID36]1 . 



0(t) ''^- ^[T{t)) = - ^ "^^^ ~^ ^ '^U rctanh (cosh(ao(t - to))) + /3o. (D.60) 



def. _^_^^^s, _ \/ao (Ai + Qpf 
ao^o 
For ^(t) in ()D.3P with 9 = 1, equation ()D.5P for ro = 4 is 



f(t) = 4r(t)2 - 1 (D.61) 

which has solution 

r{t) = ^coth{2{t - to)) (D.62) 

for to € IR- One can check this by noting that 

T{t) = Y{T{t)Y = csch^(2(t - to)) (D.63) 

by the identity coth?{x) — 1 = csch?'{x). Also, we record that 

2r(t) 



y'{r{t)) 



(4r(t)2 - 1)3/4 
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-coth{2{t - to)) 

CSc/l3/2(2(t-to)) 

-cosh{2{t - to))y^sinh{2{t-to)) (DM) 



for t > fo- 

For Y(t) in (ID.3p . we solve for r(t) in the equation 



^2 i\i/2 



f{t) = eY{T{t))^ = e (4r(t)2 - 1) ''' (D.65) 

which has solution 

T{t) = -cosh{2{t - to)) (D.66) 

for to G R. One can check this by noting that 

f{t) = eY{T{t))^ = esinh{2{t - to)) (D.67) 

by the identity cosh?{x) — 1 = sinh?{x). Also, we record that 

2r{t) 



Y'{r{t)) 



cosh{2{t - to)) 
esinh^/^{2{t-to)) 

coth{2{t - to)) 
e^sinh{2{t - to)) 



for t > to- 



(D.68) 
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Appendix E 

Exact solutions to NLS equations 



In the table below, we list some exact solutions of the NLS 



u"{a) + [E- P{cj)]u{a) 



Fi 



u{a)^i 



(E.l) 



for constants E, Fi,Ci. Note that in Table |E?H ao,bo,co,dQ G IR are constants, and any one solution 
u{a) may solve (lE.ip for a few distinct sets of P{a),E,Fi,Ci. 



Table E.l: Exact Solutions of NLS 





u{a) 


P{a) 


E 


Fi 


Ci 


1 


aoa"^ + boa + cq 


(2ao + do)/(aoo-^ + boa + cq) 





-do 





2 


aocos^(6o<7) 


2b'^taiT? {boa) 


2bl 





n/a 






Ab'^tav? {boa) 





-2blao 





3 


aotanh(bQa) 


Co 


CO + 2bl 


2bl/al 


-3 


4 


aoe-V-co<7 _ i)^e^-coa 





co<0 





n/a 


5 


(ao/^)e'=«-'/2 


cla'^ + 2/(t2 + bo 


Co + 6o 





n/a 


6 


— aocosh^(5oO') 


26gtanh(5ocr)2 + co 


Co - 2bl 





n/a 


7 


ao/a'"' 


M^^^^ 


Co 





n/a 



In order to map an exact solution u{a) of a non-linear (or linear) Schrodinger-type equation to 
an exact solution of Einstein's equations via the correspondences in this thesis, one may first need 
to solve for a{t) in the differential equation 



^(i) = 7T^(^(*)) 



(E.2) 



for > 0. Also the scalar field (j){t) is obtained by integrating a constant multiple of the square 
root of P{a) (and then composing the result with a{t) or a{f(j{T{t))) ). That is, to find (f){t) one 
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must first compute 



^p{a) = / y^aoP{a)da 



(E.3) 



for some constant qq. Tlierefore for each solution in Table |E?T| we now record some solutions to 
(IE2I) and dEHl). 

For u{(t) from line 1 in Table [E?T] with oq = 0, equation ()E.2p with ^ = 1 is 



which has solution 



a{t) = bocr{t) + Co 






for &o 7^ and to ^ I^- One can check this by computing that 

d(t) = n(cj(t)) = 6oe^"(*~*°^ 

Also, we note that 

u\a{t)) = bo. 

For u{a) from line 1 in Table [ETTj equation ()E.2p with = 1 is 

a{t) = ao(7{t)'^ + boa{t) + cq 
which has solution 



1 



a{t) = -^ ( \/^A tan 
2ao 



V^ 



{t - to) 



(E.4) 
(E.5) 

(E.6) 

(E.7) 

(E.8) 
(E.9) 



for to £ H, ao > and discriminant A = 6q — 4aoCo < 0. One can check this by computing that 



&it) = u(a(t)) 



4ao 



-sec 



v^ 



(t - to) 



Also, we record that 



i{a{t)) = V^A tan 



V^ 



(t - to) 



(E.IO) 



(E.ll) 



For Pier) from line 1 in Table IET] with ao > 0, (jE.SP becomes 
iPia) = 



ao{2ao + do) 



Oocr^ + boa + cq 



da 



ao 
ao 



(2ao + do) In 



2 (J + h W 0-^ H a H 

\ 2ao V ao oo 



+ /5o 



(E.12) 



for A = 6q — 4aoCo < and integration constant /3o G R. 
Composing (IeI^ with (|K9]l . 



^{t) =^- V(^(t)) = A/— (2ao + do) In 

ao 



— ( V— A tan 
ao 



v^ 



{t - to) 
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+V^A 



sec 



v^ 



(t - to) 



+ /3o. 



For u{(t) from line 2 in Table [ETTI equation ()E.2p is 



flo 



which has solution 



ait) = ^cos\boa{t)) 



a{t) = —Arctan ( (t — to) 

60 V ^ 



for to £ IK,- One can check this by noting that 



a{t) = -u{a{t)) 



For the record, we also compute 

u\ait)) 



e^ + aibiit-to^ 

ao6osin(26o(T(t)) 
ao&o sin I 2Arcta 
-2blal{t-to)e 



60 oo 



{t - to) 



e^ + aplit-to)^ 



2x 



since sin{2Arctan{x)) = 2cos{Arctan{x))sin{Arctan{x)) = . 2 - 
For P(cr) from line 2 in Table |E?H (|E.3P becomes 



^(ct) 



ao / \/2bQtan'^{bo(T)da 
ao I v26o tan{boa)da 



\/2ao In [sec(6oO')] + A 







for &o 1 cr > and integration constant (3o G R. 
Composing (|ET8l) with (|ET5]) . 



0(t) = i;ia{t)) 

= -v/2ao In [sec {Arctan{boao{t — to)))] + /^o 



'2aoln 



^^In 
2 



62a2(t-to)2 + l 






+ /3o. 



since sec(74rctan(j;)) = 1 / cos{Arctan{x)) = \/l + x^ 

For P(cr) = 46g tan^(5oO') for solution 2 in the table, (IE.3P becomes 



V'(c) = \/ao26o / tan{bocr)da = — 2Y/aoln(cos(6oc)) + 



/3o 



(E.13) 

(E.14) 
(E.15) 

(E.16) 



(E.17) 



(E.18) 



(E.19) 



(E.20) 
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for < boa < 7r/2 and /3o G E,. 
Composing (IKM with (IKTKI) . 



</)(t) = — 2-y/aoln ( cos ( Arctan ( (t — to) 



= V5^1n(l + ^(t-to)') (E.21) 

For ti(o") from line 3 in Table [E?H equation (|E.2p with = 1 is 

<T(t) =aotanh(6oo-(t)) (E.22) 

which has solution 

a(t) = —Arcsinh ( e''obo{t~to)\ (E.23) 

bo \ J 

for to £ IK,- One can check this by computing that 

ait) = u{ait)) = aotanh (Arcsinh ( e'^o^«(*-*o) ) ) = "° =. (E.24) 

V V // y/l + e2«ofeo(i-to) 

Also, we will use that 

u{a{t)) = aobosech {boa{t)) 

aobo 



cosh'^ {Arcsinh (e'^obo{t-to))) 
apbo 

1 _|_ g2ao''o(t-to) 

^e-'^»''o(*-*»).ecMao6o(t-to)) 



since cosh'^ {Arcsinh{x)) = 1 + x^. 

For -P(o") = Co from line 3 in Table IKTI ()E.3P becomes 



for integration constant /3o G R. 
Composing (IKMI) with dEMI), 



(E.25) 



ip{a) = / ,/a^(i(T = y^aocoa + ^o (E.26) 



</,(t) = V'(a(t)) = ^/pf° Arcsin/i fe-^o^" (*-*")') + /3o. (E.27) 

00 ^ ^ 

For w(o") from line 4 in Table [ETT] with bo = 0, equation ()E.2p with = 1 is 

a{t) = aoe^^'^^^'^W (E.28) 

which has solution 

cT{t) = -^= In (^/^ao(t - to)) (E.29) 

V-co 
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for ao > and to S R. One can check this by notmg that 



a{t) = u{a{t)) = ] (E.30) 

V-co(t-to) 



Also, we record that 



u'{a{t)) = -ao^/^e-v^'^W 
-1 



(E.31) 



(t-to)' 
For u{(t) from hne 4 m Table IETTI equation ()E.2p for ^ = 1 is 

a{t) = aoe-v'^^'^W - boe'^^''^^^ (E.32) 

which has solution 

a{t) = In ( . -—tanh{y/ -aoboCo{t - to)) ) (E.33) 

V-CQ VV 00 / 

for ao, &o > and to G H- One can check this by computing that 



&{t) = u{a{t)) = 2^/aobo csc/i(2V^ao6oCo(i - ^o))- (E.34) 

We also record that 

u'iait)) = -V3^(aoe-v^^'^W+6oe^'^"(*)) 

= -y^-coaobo [coth{^/ -aobocoit - to)) + tanh{^/-aoboCo{t - to))j 

= -2v^-coao6o coth{2y^ -aoboco{t - to)) (E.35) 

since coth{x) + tanh{x) = 2coth{2x). 

For u{ij) from line 5 in Table WJA\ equation ()E.2p with = 1 is 

^(t) = ^e^o'^(*)'/2 (E.36) 

a(t) ^ ' 

which has solution 



'^W = \l — ln(-coao(i - io)) (E.37) 

Co 



for Co < and to £ E,. One can check this by computing that 



a{t) = u{a{t)) = ——= ■ (E.38) 

^/-2cf){t - to) vln(-coao(t - to)) 



We also record that 



u'{a{t)) = "oe'^-^*^^/^ (co - ^ 



^ ^1 + TTT^ \, , ,, ) . (E.39) 



(t-to) V 21n(-coao(t-to)) 
165 



For P{(t) from line 5 in Table IETTI (jE.SP becomes 



tp{a) = ^/a^ / Jc'^a'^ + ~ + ^o^cr 



:gcr4 + 2 + 6ocr2 + v^lnla"^] - \/21n 



2V2a /cgcj4 + boa^ + 2 



+6o^^ + 4] + -^ In 
2co 

for o" > and integration constant /3o G R. 
Composing (iKlOl) with (iKaTJ) . 

0(t)=V(cT(t)) = 



2\Aof^^ + ^0^2 + 2 + — + 2co(t2 



+ /3o 



'^ I W2 ln2(-coao(t - to)) + ^ ln(-coao(t - to)) + 1 



+ ln 



-Co 



■ln(-coao(t-to)) 



In 



26o 
-Co 



ln(-coao(t-to)) + 4 



+ 4^/21n2(-coao(t - to)) + ^ ln(-coao(t - to)) + 1 

-Co 



^0 



Co 



2^/2 



In 



2^/2^/2 ln2(-coao(t - to)) + -^ ln(-coao(t - to)) + 1 

-Co 



bo 



+ 41n(-coao(t-to)) 

Co 



+ /9o 



for Co < and t > —I/cqUq + to- 

For u{(t) from line 5 in Table [E?T] with cq = 0, equation (IE.2P with = 1 is 



a(t) 



ao 
a(t) 



which has solution 



a{t) = yj2ao{t - to) 
for ao > and t > to € K,. One can check this by computing that 

ao 



We also record that 



a(t) = u{a{t)) 



u'{a{t)) 



\/2«o(t-to) 



-QO 



2(t - to) 
For P{(t) from line 5 in Table lETJ with co = 0, ()E.3P becomes 



^(a) 



^r + 6odo" 



(E.40) 



(E.41) 



(E.42) 
(E.43) 
(E.44) 



(E.45) 
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V^( V&of^2 + 2 + \/21n 



a 



V2 + ^hQa'^ + 2 



+ /3o 



for integration constant /3o S K,. 
Composing (iKJGl) with (|E:43l) for cq = 0, 

V^(t) = ^{a{t)) 



ao i ^/W) + 7f 1"^ P«o(i - to)] - \/2 In [^2 + 7^ 

for5(t) = 2ao6o(i-io) + 2. 

For u{(t) from line 6 in Table [E?H equation (|E.2p with ^ = 1 is 



which has solution 



a{t) = — oocosh (6o(T(t)) 



(T{t) = ——Arctanh{boaQ{t — to)) 
oo 



for to £ IK,- One can check this by noting that 

&{t) = u{ait)) 



ao 



^Iblit-tor-l 



For the record, we also compute 



-aobo sinh(26o cj(t)) 
-ao&osinh(274rctan/i(6oao(t — to))) 
2&2a2(t-to) 



a^blit-tor-l 



2x 



since sinh{2Arctanh{x)) = 2cosh{Arctanh{x))sinh{Arctanh{x)) — ._ ^ . 
For -P(o") from line 6 in Table fEA\ (jE.Sp becomes 



i;{a) 



+ /3o 



ao / \/ 26q tanh (6o(t) + coda 
2a^ln 2 ( V2bo tanh(6oo-) + Jcq + 26^ tanh^(5ocr) 
ao / , r,,^ 4 _! T \/co + 2t^tanh{bQa 



+ 



?)o 



Co + 2bQArctanh 



y^co + 2bltanh'^{bQa) 



+ /5o 



for Co > — 26g and integration constant /3o G E- 
Composing (lK52]> with (lK49l) . 



0(t) = ^(a(t)) = 

2 I A/co + 264a2(t-to)2 - \/26gao(t - io) 



'2ao In 
Vao 



"0 



Co + 2bQArctanh 



^ (co + 26g)fegag(t-to)- 
co + 264a2(t-to)2 



+ /3o. 



(E.46) 



(E.47) 



(E.48) 
(E.49) 

(E.50) 



(E.51) 



(E.52) 



(E.53) 
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For u{a) from line 7 in Table [ETTI equation ()E.2p is 



a{t) = --%-, (E.54) 



which has solution 



^it)=^^—^it-to)j (E.55) 

for ^ > and to £ IK- One can check this by computing 

a(t) = -u{a{t)) = — ( {t - to)] . (E.56) 

Also, we will use that 



"><'» - a^m-^r <"■"' 



For -P(o") from line 7, (IE.3P is 



/ 6o(6o + l) , 



Po + \/ao \/&o(^o + 1) + cocr2 



for 6o > and /3o G K.. Composing (jK58|) with (|E35|) . 



</'(t) = /3o + ^/^ V^o(&o + l) + cocT(t) 



-V^^iMTT)UVh<hIIl±V^±]lI^^\\ ,E,59) 



for a{t) in ([Ell]). 
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Appendix F 

Extra conservation equation 



(2) 

As noted in section 1.2, the correspondences in this thesis do not rely on T^ in (jl.7p satisfying 
the conservation equation (|1.12|) . For each theorem in Chapters 3-7, we now record the EMP or 
NLS analogue of (J1.12p for / = 0. For an arbitrary diagonal metric gij one can compute, using the 
definition of the Christoffel symbols in p.2|) , that the equation 

div{T'^^^)i=o = (F.l) 



for T. . ' in (11.70 takes the form 

tj 1 y 



P+(li29''9^^]{p + p) = (F.2) 

where dot denotes differentiation with respect to xq = t. 

For the FRLW metric ()3.ip . the conservation equation (|F.2p is 

p + dH{p + p) = (F.3) 

for H{t) = a{t)/a{t). 

Composing (jF.Sp with /(r) from the EMP Theorem 13. 1.1 1 and multiplying by /'(r) , we obtain 
P{f{r))nr) + d/7(/(r))/'(r)(p(/(r)) +p(/(r))) = 0. That is, by the relation ^M and the 
definition (I3.12P of T(t), we obtain the analogue conservation equation 

e' + -HY{Q+ p) = ^ (F.4) 

in the EMP variables, for Hy{t) '^= Y'{t)/Y{t), Y{t) = a{f{T))'i {q / 0) and ^(r) = 
P{f{r)), V{r)=v{f{r)). 

Composing (IF.3h with g[a) from the NLS Theorem 13.2.11 and multiplying by g'{cr), we obtain 
p(5(o-))5'(cr) + dH{g{a))g'{a){p{g{a)) + p{g{cr))) = 0. That is, by the relation (|3.109l) and the 
definition ()3.10ip of o"(t), we obtain the analogue conservation equation 



p' - dH^ip + p) = (F.5) 

fLS variables, for Hu{(j) =' h 
P{9{(y))- 



def. 

in the NLS variables, for Hu{<j) =' u'{a)/u{a), u{a) = l/a{g{a)) and p{a) = p{g{a)),p{a) 
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Composing (jF.SP with g{a) from the alternate NLS Theorem 13.3. II and multiplying by g'icr) we 
obtain p{g{a))g'{a) + dH{g{a))g' {a){p{g{a)) + p{g{a))) = 0. That is, by the relation (13.1 Ml) and 
the definition (J3.156P of (j{t)^ we obtain the analogue equation 

p'--i7„(p + p) = (F.6) 

in the alternate NLS variables for Hu{(t) =' u'{a)/u{a), u{a) = l/a{g{a))^^''^ {rij ^ 0) and 
P(ct) = p{g{o)),^{a) = p{g{cr)). 

For the Bianchi I metric ()4.ip . the conservation equation ()F.2p is 

p+i/7,j(p + p) = (F.7) 

for i/i;(t) = R{t)/R{t) and i?(t) = (Xi(t) • • • Xd{t)y. 

Composing ()F.7p with /(r) from the EMP Theorem 14. 1.1 1 and multiplying by /'(r) we obtain 
p{f{r))f'(.T) + ii/^(/(r))/'(T)(/5(/(T)) +|5(/(r))) = 0. That is, by the relation ^M) and the 
definition (j4.1ip of r(t) we obtain 

g' + ^HY{g + p) = (F.8) 

in the EMP variables for Hy{t) '^= Y'{t)/Y{t), Y{t) = R{f{T))'i {q / 0) and ^(r) = 
p(/(r)), p(r)=p(/(T)). 

Composing ()F.7p with ^(cr) from the NLS Theorem l4.2.1l multiplying by g'{cr) and using (j4.102p 
and (I4.89P we obtain 

p'-Hu{p + p) = (F.9) 

for Huia) =^- «'(a)/n(a), ^(a) = 1/Rigia))^/'^ {v + 0) and p(a) = /9(5(a)),p(^) = p(5(^)). 
For the conformal version (j5.ip of the Bianchi I metric, the conservation equation ()F.2p is 

p+i/7ij(p + p) = (F.IO) 

for i/i;(t) = R{t)/R{t) and i?(t) = (ai(t) • • • ad{t)y . 

Composing (jF.lOp with /(r) from Theorem 1 5 . 1 . 1 1 and using (jS.lOp . (j5.40p we get the analogue 
conservation equation 

g' + —HY{Q + p) = (F.ll) 

qv 

in the EMP variables for Hy{t) '^= Y'{t)/Y{t), Y{t) = R{f{T)Y {q / 0) and q{t) = 
pifir)), p(r)=p(/(T)). 

Composing (|F.10p with g{a) =' a + to from Theorem 15.2.11 we obtain p{a + to) + -Hr{(j + 
to){p{(^ + *o) +P{cr + to)) = 0. By (|5:79D . we obtain 

p' - /7„(p + p) = (F.12) 

for the conservation equation in NLS variables for the Bianchi I metric ()5.ip . where Hu{(j) =' 
u'{a)/u{a), u{a) = l/R{a + to)^/" and p(o-) = /)(o- + to), p(o-) = p{(7 + to). 
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For the Bianchi V metric (j6.ip . the conservation equation ()F.2p is 

P+^Hr{p + p) = (F.13) 

for HR{t) = R{t)/R{t) and R{t) = (Xi(t) • • • Xd{t)y. 

Composing ()F.13p with /(r) from the EMP Theorem 16.1.11 and multiplying by /'(t) we obtain 
P{fir))f'{r) + lHR{f{T))r{r){p{f{r))+p{f{T))) = 0. That is, by the relation ^M and the 
definition ()6.12p of r(t) we obtain 

q' + ^Hy{q + p) = ^ (F.14) 

in the EMP variables for Hy{t) '^= Y'{t)/Y{t), Y{t) = R{f{T)Y {q / 0) and q{t) = 
Pifir)), p(t)=p(/(t)). 

Composing (IF.13P with g{a) from the NLS Theorem 16.2. H multiplying by g'{cr) and using 
(16.1111) and (fOiD we obtain 

p'-Hu{p + p) = (F.15) 

for Huia) =^- u'{a)/u{a), u{a) = 1/ R{g{<j)f''' [y / 0) and p(a) = p(5(a)),p(cT) = ^(^(a)). 

Composing (jF.lSp with 5(0") from the alternate Bianchi V NLS Theorem 16.3. II and multiplying 
by (^{(t ) we obtain p{g{a)) g'{a) + lHn{g{a))g'{a){p{g{a)) +p{g{a))) = 0. That is, by the relation 
(j6.150p and the definition (|6.133p of (T(t), we obtain the analogue equation 

p'-/7„(p + p) = (F.16) 

in for Hu{a) =^- u'{a)/u{a), u{<j) = l/R{g{a)Yl- [y / 0) and p(a) = p(5(^)),p(^) = p(5(^)). 
For the conformal version (j7.ip of the Bianchi V metric, the conservation equation (IF.2P is 

p+|-i/K(/, + p) = (F.17) 

for HR{t) = R{t)/R{t) and R{t) = (a2(t) • • • ad{t)Y . 

Composing ()F.17p with /(r) from Theorem 17.1.11 and using (j7.10p . (j7.43p we get the analogue 
conservation equation 

g' + ^HY{Q + p) = (F.18) 

in the EMP variables for Hy{t) '^= Y'{t)/Y{t), Y{t) = R{f{T)Y (g ^ 0) and q{t) = 
Pifir)), pir)= Pifir)). 

Composing (jF.17p with gia) = cr + to from Theorem 17.2.11 we obtain p((T + to) + ^HRia + 
to)(/o(<T + to) +Pio- + to)) = 0. By (|7.1UUp . we obtain 

p'-/7„(p + p) = (F.19) 

for the conservation equation in NLS variables for the Bianchi V metric in (j5.ip for H^ia) =' 
u'ia)/uia), uia) = l/Ria + to)'^"/'^ and p(o-) = pia + to), p(o-) = pia + to). 
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